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syn.1 Simultaneous Substitution
nmlsyn:sub: - An gnstance of a férmula @ is the result of replacing all occurrences of a variavel
**“ proposicional in ¢ by some other formula. We will refer to instances of férmulas
often, both when discussing validity and when discussing derivabilidade. It
therefore is useful to define the notion precisely.
nmlsyn:sub: - Definigao syn.1. Where ¢ is a modal formula all of whose varidveis propo-
defisubst-inst  gicionais are among pi, ..., pn, and 61, ..., 0, are also modal férmulas, we

define [0y /p1,...,0,/pn] as the result of simultaneously substituting each 6;
for p; in . Formally, this is a definition by induction on ¢:

1. p=1: @lbi/p1,...,00/pn] is L.
2. 0=T: @l01/p1,--.,0n/Pn]is T.
3. p=q @l01/p1,--.,00/pn] is ¢, provided ¢ Zp; for i =1, ..., n.
4. o =pir l01/p1y--.,0n/Dn) is 0;.
5. 0= @[01/p1,...,0n/Dn] is [01/D1,- .., 0n/Dn)-
6. o= AX): @lb1/p1,...,0n0/pn] is
(@[01/p1,- - On/Pu] AX[O1/P1s -, 00 /D0
7. Y= (va) (P[ol/plvaen/pn] is
(P[01/p1, - 0n/pn] V X[01/P1; - - - 00 /D))
8. =W —=x): @lb1/p1s-..,00/pn] 18
(Y[01/p1s -+ 0n/Pn] = X[01/P1, - - - 0n/Pn])-
9. o= (e x): @l01/p1,...,00/pn] is
(7/)[91/271779n/pn]<_>X[91/p1779n/pn])
10. o =0y /D1, .., 0n/pn) is OY[01/p1, ..., 0n/Dn]-

11. Y = Ol/} @[al/plaagn/pn] is Ow[ol/plaaen/pn]

The férmula [0y /p1, ..., 0. /pn] is called a substitution instance of .
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Exemplo syn.2. Suppose ¢ is py = O(p1 A p2), 61 is O(p2 — p3) and 65 is
=Opy. Then @[ /p1,02/p2] is

O(p2 — p3) = B(O(p2 — p3) A =Up1)
while [0 /p1,61/p2] is
—Op1 — O(=0p1 A O(p2 — p3))
Note that simultaneous substitution is in general not the same as iterated

substitution, p.ex., compare [0y /p1, 02/p2] above with (¢[01/p1])[02/p2], which
is:

O(p2 = p3) = O(O(p2 — p3) A p2)[—~Op1/p2], O.s.,
O(=0Op1 — p3) = O(O(—=0Op1 — p3) A —Opy)

and with ([02/p2])[01/p1):

p1 — O(p1 A =0Op1)[O(p2 — p3)/p1], O.s.,
O(p2 — p3) = O(O(p2 — p3) A ~O0(p2 — p3)).
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