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com.l1 Frame Completeness

The completeness theorem for K can be extended to other modal systems, once
we show that the canonical model for a given logic has the corresponding frame
property.

Teorema com.l. If a normal modal logic X contains one of the formulas on
the left-hand side of Tabela 1, then the canonical model for X has the corres-
ponding property on the right-hand side.

’ If ¥ contains ... H ... the canonical model for X is:
D: Oy — Op serial;
T: Op—o reflexive;
B: ¢—0O0p symmetric;
4:  Op—0O0p transitive;
5 O —=00p euclidean.

Tabela 1: Basic correspondence facts.

Prova. We take each of these up in turn.

Suppose X contains D, and let A € W*; we need to show that there is a
A’ such that R¥AA’. Tt suffices to show that 071 A is X-consistent, for then
by Lindenbaum’s Lemma, there is a complete X-consistent set A’ O 71 A,
and by definition of R* we have R*¥AA’. So, suppose for contradiction that
O-'A is not X-consistent, O.s., " 'AFyx L. By ??, Aty 0L, and since X
contains D, also A by ¢0L. But X' is normal, so X + =0_L (??), whence also
AFsx ~0L, against the consistency of A.

Now suppose X contains T, and let A € W¥. We want to show R¥AA,
O.s., 071A C A. But if Op € A then by T also ¢ € A, as desired.

Now suppose X contains B, and suppose R¥AA’ for A, A’ € W*. We
need to show that R¥A’A, O.s., O'A’ C A. By ?7?, this is equivalent to
QA C A’. So suppose ¢ € A. By B, also 0y € A. By the hypothesis that
R¥ AA', we have that O"'A C A’, and hence Oy € A’, as required.

Now suppose X contains 4, and suppose R¥ A1 Ay and R¥ Ay As. We need
to show R¥A;As. From the hypothesis we have both O7'A; C A, and
O-1Ay C As. In order to show R A; As it suffices to show O7'A; C As. So
let v € O°1A;, O.s., Oy € Ay. By 4, also OOy € A; and by hypothesis we
get, first, that [y € Ay and, second, that ¥ € As, as desired.

Now suppose X contains 5, suppose R¥A; Ay and R¥ A1 As. We need
to show R¥AyAs. The first hypothesis gives 071A; C A,, and the second
hypothesis is equivalent to ¢As C Ay, by ??. To show R*A;As, by 77, it
suffices to show 0A3 C As. So let Op € 0A3, O.s., p € Az. By the second
hypothesis O € Ay and by 5, O00¢p € A; as well. But now the first hypothesis
gives Qp € Ag, as desired. O
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As a corollary we obtain completeness results for a number of systems. For
instance, we know that S5 = KT5 = KTB4 is complete with respect to the
class of all reflexive euclidean models, which is the same as the class of all
reflexive, symmetric and transitive models.

Teorema com.2. Let Cp, Cr, Cp, C4, and Cs be the class of all serial, re-
flezive, symmetric, transitive, and euclidean models (respectively). Then for
any schemas @1, ..., ¢, among D, T, B, 4, and 5, the system Ky ... ¢, is
determined by the class of models C =C, N---NC,,,.

Proposigao com.3. Let X' be a normal modal logic; then:

1. If X contains the schema QO — Oy then the canonical model for X is
partially functional.

2. If X contains the schema Q@ <> Oy then the canonical model for X is
functional.

3. If X contains the schema O0p — Uy then the canonical model for X is
weakly dense.

(see 17 for definitions of these frame properties).

Prova. 1. Suppose that X contains the schema Q¢ — [y, to show that
R is partially functional we need to prove that for any A;, Ay, Az €
WE, if REAlAQ and R2A1A3 then AQ = Ag. Since R2A1A2 we have
O-'A; C Ay and since R¥ A1 Az also D71 A; C As. The identity Ay =
As will follow if we can establish the two inclusions Ay C A3 and Az C
As. For the first inclusion, let ¢ € Ay; then Q¢ € A, and by the schema
and deductive closure of A; also Oy € A;, whence by the hypothesis
that R¥ A, As, ¢ € As. The second inclusion is similar.

2. This follows immediately from part (1) and the seriality proof in Teo-
rema com.1.

3. Suppose X contains the schema (¢ — Oy and to show that R¥ is
weakly dense, let R~ A;Ay;. We need to show that there is a complete
Y-consistent set Az such that R¥ A As and R¥ A3 A,. Let:

=014, U0A,.

It suffices to show that I" is X-consistent, for then by Lindenbaum’s
Lemma it can be extended to a complete X-consistent set As such that
DilAl C Az and 0 Ay C As, O.s., REA1A3 and REASAQ (by ??)

Suppose for contradiction that I' is not consistent. Then there are
formulas Oy, ..., Op, € Ay and ¥, ..., ¥, € As such that

P15 Py QU150 -, QU e L
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Since Q11 A+ Ahm) = (01 A+ - Ay, ) is derivével in every normal
modal logic, we argue as follows, contradicting the consistency of As:

O1yee oy P, 01, QU By L
@1y on Fx (Oh1 A A Q) — L
by the deduction theorem
77?7, and TAUT
01, Pn P QW1 A Ahy) — L
since X' is normal
1o Fx 2O A Aty

by PL
1, P O A Aty
O= for —=¢
01, ..., Opn bx OO A Ath)
by 72

Op1,..., Opn Fe O A Atdy,)
by schema OO — Oy
Ay Fp O A A)
by monotonicity, 7777
O-(@1 A Apm) € Ay
by deductive closure;
(Y1 A A thm) € Ay
since R2A1A2. O
On the strength of these examples, one might think that every system X' of
modal logic is complete, in the sense that it proves every formula which is valid

in every frame in which every theorem of X' is valid. Unfortunately, there are
many systems that are not complete in this sense.
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