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Capitulo udf

The Interpolation Theorem
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int.1 Introduction

The interpolation theorem is the following result: Suppose F ¢ — 1. Then
there is a sentenca x such that F ¢ — x and F xy — ¢. Moreover, every simbolo
de constante, simbolo de funcao, and simbolo de predicado (other than =) in
x occurs both in ¢ and 1. The sentenga x is called an interpolant of ¢ and .

The interpolation theorem is interesting in its own right, but its main im-
portance lies in the fact that it can be used to prove results about definability
in a theory, and the conditions under which combining two consistent theories
results in a consistent theory. The first result is known as the Beth definability
theorem; the second, Robinson’s joint consistency theorem.
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int.2 Separation of Sentencas

A bit of groundwork is needed before we can proceed with the proof of the
interpolation theorem. An interpolant for ¢ and v is a sentenca x such that ¢ F
x and x F 1. By contraposition, the latter is true iff ) F =x. A sentenca x
with this property is said to separate ¢ and —. So finding an interpolant for
¢ and ¥ amounts to finding a sentenca that separates ¢ and —). As so often,
it will be useful to consider a generalization: a sentence that separates two sets
of sentencas.

Definigao int.1. A sentence x separates sets of sentences I" and A if and only
if I' F x and A F —x. If no such sentenga exists, then I" and A are inseparable.

The inclusion relations between the classes of models of I', A and x are
represented below:
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Figura int.1: x separates I" and A

Lema int.2. Suppose Ly is the language containing every simbolo de cons-
tante, simbolo de funcao and simbolo de predicado (other than =) that occurs
in both I and A, and let L}, be obtained by the addition of infinitely many
new simbolos de constante ¢, for n > 0. Then if I' and A are inseparable in
Lo, they are also inseparable in LJ.

Prova. We proceed indirectly: suppose by way of contradiction that I and A
are separated in £{. Then I' F x[c/z] and A E —x[c/z] for some x € Ly (where
¢ is a new simbolo de constante—the case where y contains more than one such
new simbolo de constante is similar). By compactness, there are finite subsets
Iy of I and Ag of A such that Iy E x[c/z] and Ag E —x[e/x]. Let v be the
conjunction of all férmulas in Iy and § the conjunction of all férmulas in Ajg.
Then

v E xle/z], § F =xle/z].

From the former, by Generalization, we have v F Va x, and from the latter
by contraposition, x[c/x] E =4, whence also Vz x E —=§. Contraposition again
gives & F —=Vz y. By monotonicity,

I'EVzxx, AE =V,

so that Vx x separates I' and A in L. O

Lema int.3. Suppose that I' U {3z o} and A are inseparable, and ¢ is a new
simbolo de constante not in I, A, or o. Then I' U{3xo,0(c/x]} and A are
also inseparable.

Prova. Suppose for contradiction that x separates I' U {3z 0, 0[c/x]} and A,
while at the same time I' U {3zo} and A are inseparable. We distinguish two
cases:

1. ¢ does not occur in x: in this case I'U{3x o, ~x} is satisfiable (otherwise

x separates I' U {3z o} and A). It remains so if ofc/z] is added, so x
does not separate I' U {3z 0, o[c/x]} and A after all.
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2. ¢ does occur in y so that x has the form x[c/x]. Then we have that
I'u{3zo,oc/x]} E x[c/x],

whence I', 3z 0 E Vz (0 — x) by the Deduction Theorem and Generaliza-
tion, and finally I"'U{3x ¢} F 3z x. On the other hand, A E —x[c/z] and
hence by Generalization A E =3z x. So I'U {3z o} and A are separable,
a contradiction. O
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int.3 Craig’s Interpolation Theorem

Teorema int.4 (Craig’s Interpolation Theorem). IfE ¢— 1, then there
s a sentenca x such thatF p—x and E x—1, and every simbolo de constante,
stmbolo de funcgdao, and simbolo de predicado (other than =) in x occurs both
in @ and Y. The sentenca x is called an interpolant of ¢ and 1.

Prova. Suppose L7 is the language of ¢ and Lo is the language of . Let
Lo =L1NLy. Foreach i € {0,1,2}, let £ be obtained from £; by adding the
infinitely many new simbolos de constante ¢y, ¢y, Co, .. ..

If ¢ is unsatisfiable, 3z x # x is an interpolant. If =) is unsatisfiable (and
hence 9 is valid), 3z & = x is an interpolant. So we may assume also that both
@ and —) are satisfiable.

In order to prove the contrapositive of the Interpolation Theorem, assume
that there is no interpolant for ¢ and . In other words, assume that {¢} and
{—%} are inseparable in L.

Our goal is to extend the pair ({¢}, {—1}) to a maximally inseparable pair
(I'*, A*). Let g, ©1, @2, ...enumerate the sentencas of L1, and g, ¥1, 12,
...enumerate the sentencas of L£o. We define two increasing sequences of sets
of sentengas (I, Ay), for n > 0, as follows. Put Iy = {¢} and Ay = {-¢}.
Assuming (I7,, A,,) are already defined, define I, 11 and A, 1 by:

1. If I, U{p,} and A, are inseparable in L, put ¢, in I},4+1. Moreover, if
n is an existential féormula 3z o then pick a new simbolo de constante ¢
not occurring in I, A, ©n or ¥, and put ofc/x] in [y1.

2. If I'h41 and A, U{¢,, } are inseparable in Ly, put 1, in A, 1. Moreover,
if ¢, is an existential féormula Jx o, then pick a new simbolo de constante
¢ not occurring in I, 41, Ay, pn or ¥, and put olc/z] in A,qq.

Finally, define:

r<=\J r., A= A

n>0 n>0

By simultaneous induction on n we can now prove:
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1. I, and A, are inseparable in L£{;
2. Ih4+1 and A, are inseparable in L.

The basis for (1) is given by Lema int.2. For part (2), we need to distinguish
three cases:

1. If Iy U {po} and Ag are separable, then Iy = Iy and (2) is just (1);
2. If I = Iy U{wo}, then I'7 and Ag are inseparable by construction.

3. It remains to consider the case where ¢ is existential, so that I1 =
I'yU{3z o,0[c/x]}. By construction, IyU{Ix o} and Ay are inseparable,
so that by Lema int.3 also Iy U {3z 0, 0[c¢/z|} and Ay are inseparable.

This completes the basis of the induction for (1) and (2) above. Now for
the inductive step. For (1), if A,y = A, U{¢,} then I, and A, are
inseparable by construction (even when 1, is existential, by Lema int.3); if
Apt1 = A, (because I',4q and A, U {1, } are separable), then we use the
induction hypothesis on (2). For the inductive step for (2), if I},40 = [41 U
{¢@n+1} then I, 4o and A,,41 are inseparable by construction (even when ¢, 1
is existential, by Lema int.3); and if I, 42 = I},41 then we use the inductive
case for (1) just proved. This concludes the induction on (1) and (2).

It follows that I'* and A* are inseparable; if not, by compactness, there
is n > 0 that separates I, and A,, against (1). In particular, I'"* and A*
are consistent: for if the former or the latter is inconsistent, then they are
separated by Jz x # x or Vx & = x, respectively.

We now show that I'* is maximally consistent in £} and likewise A* in
LY. For the former, suppose that ¢, ¢ I'* and —p, ¢ I'*, for some n > 0. If
on & I'* then I, U {p,} is separable from A,, and so there is x € L{, such
that both:

I'"E o, —x, A* E =y,
Likewise, if -, ¢ I'*, there is x' € L{, such that both:
I'*E -, =, A" E =Y.

By propositional logic, I'* E x V x’ and A* E =(x V X’), so x V X’ separates
I™and A*. A similar argument establishes that A* is maximal.

Finally, we show that I'™* N A* is maximally consistent in £{. It is obviously
consistent, since it is the intersection of consistent sets. To show maximality,
let 0 € Lj. Now, I'* is maximal in £} D L{, and similarly A* is maximal in
Ly D L. Tt follows that either o € I' or —o € I'*, and either ¢ € A* or
-0 € A*. If 0 € I and —o € A* then o would separate '™ and A*; and if
-0 € I'* and 0 € A* then I'* and A* would be separated by —o. Hence, either
cel™*NA*or ~og € I'"NA* and I'™* N A* is maximal.

Since I'* is maximally consistent, it has a model 9} whose dominio |90
comprises all and only the elements M interpreting the simbolos de cons-
tante—just like in the proof of the completeness theorem (?7?). Similarly, A*
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has a model M, whose dominio |9t is given by the interpretations ™ of the
simbolos de constante.

Let 9y be obtained from 9] by dropping interpretations for simbolos de
constante, simbolos de fungao, and simbolos de predicado in L] \ £, and
similarly for 9t;. Then the map h: M; — My defined by h(cm'l) =" is an
isomorphism in £{), because I'* N A* is maximally consistent in £, as shown.
This follows because any L{-sentenga either belongs to both I'* and A*, or to
neither: so ¢™ € P™ if and only if P(c) € I'* if and only if P(c) € A* if
and only if ¢™ € P™>. The other conditions satisfied by isomorphisms can
be established similarly.

Let us now define a model 9 for the linguagem £1 U Lo as follows:

1. The dominio |9 is just [My|, O.s., the set of all elements ¢™2;

2. If a stmbolo de predicado P is in £y \ £; then P™ = PM,
3. If a predicate P is in £, \ £3 then P™ = h(P™2), O.s., (c?u“, e ,cnim12> €
P™ if and only if <c£1m17...,cnm1> e P™,

4. TIf a stmbolo de predicado P is in Lo then P™ = P™M2 = p(P™),

5. Simbolos de funcao of £, U Ly, including simbolos de constante, are han-
dled similarly.

Finally, one shows by induction on férmulas that 9t agrees with 9t} on all
férmulas of £} and with 9%, on all férmulas of £4. In particular, 9 E I'™ U A*,
whence M F ¢ and M E —p, and ¥ ¢ — 1. This concludes the proof of Craig’s
Interpolation Theorem. O
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int.4 The Definability Theorem

One important application of the interpolation theorem is Beth’s definability
theorem. To define an n-place relation R we can give a formula x with n free
variaveis which does not involve R. This would be an ezplicit definition of R in
terms of xy. We can then say also that a theory X'(P) in a linguagem containing
the n-place simbolo de predicado P explicitly defines P if it contains (or at least
entails) a formalized explicit definition, O.s.,

Y(P)EVzy .. Vo, (P(x1,...,2n) € X(X1,...,2Zn)).

But an explicit definition is only one way of defining—in the sense of determi-
ning completely—a relation. A theory may also be such that the interpretation
of P is fixed by the interpretation of the rest of the linguagem in any model.
The definability theorem states that whenever a theory fixes the interpreta-
tion of P in this way—whenever it implicitly defines P—then it also explicitly
defines it.

interpolation rev: 51c2271 (2026-07-12) por OLP / CC-BY. 5


https://github.com/OpenLogicProject/OpenLogic-pt
https://github.com/OpenLogicProject/OpenLogic-pt/commits/master
http://openlogicproject.org/
http://creativecommons.org/licenses/by/4.0/

Definigao int.5. Suppose L is a linguagem not containing the simbolo de
predicado P. A set X(P) of sentencas of £ U {P} explicitly defines P if and
only if there is a férmula x(z1,...,z,) of £ such that

Y(P)EVzy ... Vo, (P(x1,...,2n) & xX(T1,. .., 2p)).

Definigao int.6. Suppose £ is a linguagem not containing the simbolos de
predicado P and P’. A set X (P) of sentencas of £L U {P} implicitly defines P
if and only if

X(PYUX(P)YEVxy .. Vo, (P(x1,...,2,) < P(x1,...,22)),
where X'(P’) is the result of uniformly replacing P with P’ in X(P).

In other words, for any model 9t and R, R’ C |90|", if both (90, R) F X(P)
and (M, R') E X(P’), then R = R’; where (I, R) is the estrutura M’ for the
expansion of £ to £U {P} such that P™ = R, and similarly for (9, R').

Teorema int.7 (Beth Definability Theorem). A set X(P) of L U {P}-
formulas implicitly defines P if and only X (P) explicitly defines P.

Prova. If X (P) explicitly defines P then both

Y(P)E Vay ..V, (P(xy, ... x,) < x(21, ..., 2T0))
X(PYE Vay .. Vo, (P(z1,. . 20) < X (21,2 70))

and the conclusion follows. For the converse: assume that X(P) implicitly
defines P. First, we add simbolos de constante ¢y, ..., ¢, to L. Then

X(PYUX(P')E P(c1y...,cn) = Pller, ... cn).
By compactness, there are finite sets Ag C X'(P) and A; C X (P’) such that
AgUALEP(c1,...,cn) = Pller, ... cn).

Let 6(P) be the conjunction of all sentencas ¢(P) such that either p(P) € Ay
or ¢(P’) € Ay and let 8(P’) be the conjunction of all sentencas ¢(P’) such
that either ¢(P) € Ag or ¢(P’) € Ay. Then (P) AO(P') E P(c1,...,¢) —
Pley...c,. We can re-arrange this so that each simbolo de predicado occurs
on one side of F:

O(P) A P(cy,...,ch) EOP) = Pct,... cn).

By Craig’s Interpolation Theorem there is a sentenca x/(ci, . . ., ¢,) not contai-
ning P or P’ such that:

O(P) A P(ei, ... en) B x(et, - scn);
X(c1y..oyc0) EO(P) = Pller,. .. cn).
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From the former of these two entailments we have: 0(P) E P(cy,...,cn) —
x(c1, ... ¢n). And from the latter, since an £ U {P}-model (91, R) E ¢(P)
if and only if the corresponding £ U {P’}-model (IM, R) = ¢(P’), we have
x(c1y. .. ¢en) EO(P)— Plcy, ..., ¢p), from which:

O(P)E x(c1,...,¢cn) = Pler, .o yen).

Putting the two together, §(P) F P(cy,...,cn) <> x(c1,...,¢n), and by mono-
tonicity and generalization also

Y(P)EVzy .. Vo, (P(z1,...,20) & x(T1,...,20)). O
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