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Idf.1 Primitive Recursive Functions are \-definivel

lam:1dt:pr: - Recall that the primitive recursive functions are those that can be defined from
sec . . n sy . . . .
the basic functions zero, succ, and P]* by composition and primitive recursion.

lam:df-prf: Lema 1df.1.  The basic primitive recursive functions zero, succ, and projecti-
lem:basic opg P are \-definivel.

Prova. They are A-defined by the following terms:

Zero = Aa. \fx.x
Succ = Aa. A\fz. f(afz)

Proj; =X zo...xpn-_1. 2 O]

lam:df-prf: Lema 1df.2.  Suppose the k-ary function f, and n-ary functions go, ..., gx—1,
temzcomp qre \-definivel by terms F, Gq, ..., Gg, and h is defined from them by com-
position. Then H is \-definivel.

Prova. h can be A-defined by the term
H = )\‘TO oo p—1- F (Gol’o e zn—l) e (Gk_lilio . .SCn_l)
We leave verification of this fact as an exercise. O

Problema 1df.1. Complete the proof of Lema ldf.2 by showing that Hng . .. 7,1 —»
h(no, ceey nn_l).

Note that Lema 1df.2 did not require that f and gq, ..., gx—1 are primitive
recursive; it is only required that they are total and A\-definivel.

am:dfprf: Lema 1df.3.  Suppose f is an n-ary function and g is an n + 2-ary function,
lemprim they are \-definivel by terms F and G, and the function h is defined from f
and g by primitive recursion. Then h is also A-definivel.

Prova. Recall that h is defined by
h(zla"'ax'rwo) = f('r17"'7xn)
h(l‘l,. .. 7mnay+ 1) = h(.]?], R 733n7y7h(3317~ . -;xnay))‘

Informally speaking, the primitive recursive definition iterates the application
of the function h y times and applies it to f(z1,...,x,). This is reminiscent
of the definition of Church numerals, which is also defined as a iterator.

For simplicity, we give the definition and proof for a single additional argu-
ment . The function h is A-defined by:

H =X\z. \y.Snd(yD(0, Fx))
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where

D =Mp. (Succ(Fstp), (Gx(Fst p)(Snd p)))

The iteration state we maintain is a pair, the first of which is the current y
and the second is the corresponding value of h. For every step of iteration we
create a pair of new values of y and h; after the iteration is done we return
the second part of the pair and that’s the final h value. We now prove this is
indeed a representation of primitive recursion.

We want to prove that for any n and m, Hnm — h(n,m). To do this we
first show that if D,, = D[n/x], then D™(0, Fn) —» (m, h(n,m)) We proceed
by induction on m.

If m = 0, we want D2 (0, Fm) — (0, h(n,0)). But D2(0, Fn) just is (0, F'm).
Since F' A-definem f, this reduces to (0, f(n)), and since f(n) = h(n,0), this is
(0,h(n,0))

Now suppose that D" (0, Fn) —» (m,h(n,m)). We want to show that
D0, Fna) — (m + 1, h(n,m + 1)).

D™Y0, Fa) = D, (D™(0, Fm))
—» D, (7, h(n, m)) (by IH)
= (A\p. (Succ(Fstp), (Gn(Fstp)(Snd p))))(m, h(n,m))

Since g(n,m, h(n,m)) = h(n,m + 1), we are done.
Finally, consider

Hnm = Az. \y. Snd(y(Ap.(Succ(Fst p), (G z (Fst p) (Snd p))))(0, Fz))
—» Snd(m (Ap.(Succ(Fst p), (Gn (Fst p)(Snd p))))(0, Fn))

D,

= Snd(m D, {0, F'n))

—» Snd (D)*(0, Fn))

—» Snd (77, h(n, m))

—» h(n,m). O

Proposigao 1df.4. Every primitive recursive function is A-definivel.

Prova. By Lema Idf.1, all basic functions are A\-definivel, and by Lema Idf.2
and Lema 1df.3, the A-definivel functions are closed under composition and
primitive recursion. O



Créditos das Imagens

Referéncias Bibliograficas

primitive-recursive-functions rev: 51c2271 (2026-07-12) por OLP / CC-BY.


https://github.com/OpenLogicProject/OpenLogic-pt
https://github.com/OpenLogicProject/OpenLogic-pt/commits/master
http://openlogicproject.org/
http://creativecommons.org/licenses/by/4.0/

	Primitive Recursive Functions are -definível
	Créditos das Imagens
	Referências Bibliográficas

