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sc.1 The Truth Lemma

The following lemma connects satisfaction in the canonical model with which
férmulas are membros of the prime set A.

Lema sc.1. If A is prime, then M(A),o Ik ¢ iff A(o) F .
Prova. By induction on ¢.

1. ¢ = L: Since A(o) is prime, it is consistent, so A(c) ¥ . By definition,
M(A), 0 W .

2. ¢ =p: By definition of I+, M(A),o Ik ¢ iff 0 € V(p), O.s., A(o) F .
3. p = exercise.

4. p =YY Ax: MA),o Ik ¢ iff M(A),0 IF ¢ and M(A),0 IF x. By
induction hypothesis, M(A),o IF ¢ iff A(o) F ¢, and similarly for x.
But A(o) F 9 and A(o) F x iff A(o) F .

5. o= Vx: MA),o0lk @ iff M(A), oI or M(A), o IF x. By induction
hypothesis, this holds iff A(c) F ¢ or A(g) - x. We have to show that
this in turn holds iff A(o) F ¢. The left-to-right direction is clear. The
right-to-left direction follows since A(c) is prime.

6. ¢ =1¥—x: First the contrapositive of the left-to-right direction: Assume
A(o) ¥ ¢ — x. Then also A(o) U {yp} ¥ x. Since (3, x) is (¥n, xn) for
some n, we have A(o.n) = (A(o)U{y})*, and A(o.n) F ¢ but A(o.n) ¥ x.
By inductive hypothesis, M(A),o.n |- ¢ and M(A),o.n ¥ x. Since
Ro(o.n), this means that M(A), o ¥ ¢.

Now assume A(o) F ¢ — x, and let Roo’. Since A(o) C A(o’), we
have: if A(¢’) F 9, then A(¢’) F x. In other words, for every o’ such
that Roo’, either A(o”) ¥ ¢ or A(c’) F x. By induction hypothesis, this
means that whenever Roo’, either M(A), o’ ¥ ¢ or M(A), 0’ IF x, O.s.,
M(A), oIk . O
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