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pty.1 Converting Derivagoes to Proof Terms

int:pty:pt: We will describe the process of converting natural deduction derivacoes to pairs.
" We will write a proof term to the left of each formula in the derivacao, resulting
in expressions of the form M : . We'll then say that, M witnesses p. Let’s
call such an expression a judgment.
First let us assign to each assumption a variable, with the following cons-
traints:

1. Assumptions descarregada in the same step (that is, with the same num-
ber on the square bracket) must be assigned the same variable.

2. For assumptions not descarregada, assumptions of different férmulas should
be assigned different variables.

Such an assignment translates all assumptions of the form
%) into T .

With assumptions all associated with variables (which are terms), we can now
inductively translate the rest of the deduction tree. The modified natural
deduction rules taking into account context and proof terms are given below.
Given the proof terms for the premise(s), we obtain the corresponding proof
term for conclusion.

My : M 2 o

Alntro
(M, M) : 1 A @2
M : A M : A
M /\Eliml M /\Ehm2
pi(M) : 1 pi(M) : o2

In Alntro we assume we have ¢; witnessed by term M; and ¢, witnessed
by term Ms. We pack up the two terms into a pair (M7, Ms) which witnesses
©1 N\ pa.

In AElim; we assume that M witnesses @1 A 3. The term witnessing ¢;
is p;(M). Note that M is not necessary of the form (Mj, Ms), so we cannot
simply assign M; to the conclusion ;.

Note how this coincides with the BHK interpretation. What the BHK
interpretation does not specify is how the function used as proof for ¢ — ¥ is
supposed to be obtained. If we think of proof terms as proofs or functions of
proofs, we can be more explicit.

[z : ]
Prood Q% pim
N:"L/) PQ vy
P —Intro
x?.N:p—Y
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The A notation should be understood as the same as in the lambda calculus,
and PQ means applying P to Q.

M - M :
. VIntro, - P2 VIntros
in{' (M) : o1V 2 ing*(Ma) : o1V @2
[z1 2 1] [z2 : 2]
M:AV Ny : Ny :
1V 2 1:X 2 X VElim

case(M,x1.N1,22.Na) : x

The proof term in{* (M) is a term witnessing ¢1 V o, where M; witnesses ;.

The term case(M,x1.N1,22.No) mimics the case clause in programming
languages: we already have the derivagao of ¢ V1), a derivacao of x assuming ¢,
and a derivagao of x assuming ¥. The case operator thus select the appropriate
proof depending on M either way it’s a proof of y.

N: 1 1,
contr,(N) : ¢
contr,(NN) is a term witnessing ¢, whenever N is a term witnessing L.

Now we have a natural deduction derivagao with all formulas associated
with a term. At each step, the relevant typing context I' is given by the
list of assumptions remaining nao descarregada at that step. Note that I is
well defined: since we have forbidden assumptions of different nao descarregada
assumptions to be assigned the same variable, there won’t be any disagreement
about the formulas mapped to which a variable is mapped.

We now give some examples of such translations:

Consider the derivacao of == (¢ V =), O.s., ((pV (p— 1)) — L) — L. Tts
translation is:

y:leVie—L) =12 {7 @) V(e 1)

1

y(nf ™ () : L
Az?. y(inf 7 () o — L
[y: (pV(p— 1)) = 1) in§ (A\z?. y(in{ "~ () 1 oV (¢ = 1)
, y(in§ Az yin{ " (x))) : L
Ay Ve D)=Ly (inf Az, yinf 7 () : (9 V (g — L) = L) > L

The tree has no assumptions, so the context is empty; we get:

F Ay @YD=y in? Az yin? 7 (2) : (e V (p— L) = L) — L
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If we leave out the last —Intro, the assumptions denoted by y would be in the
context and we would get:

y:((pV(p—= 1) = L) Fy(inf(Aa?. yinf ™ (2))) : L
Another example: Fp— (¢ — 1) — L
ol yre— L]
yr: L

1
Myt iy (p— 1) — L
ArP Ay iy o= (p— L) — L

Again all assumptions are descarregada and thus the context is empty, the
resulting term is

FAxf Ay o= (o — 1) = L

If we leave out the last two —Intro inferences, the assumptions denoted by
both z and y would be in context and we would get

Troyip—> Ly L
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