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int.1 Axiomatic Derivagoes

Axiomatic derivacoes for intuitionistic propositional logic are the conceptually
simplest, and historically first, derivacao systems. They work just as in classical
propositional logic.

Definigao int.1 (Derivabilidade). If I" is a set of férmulas of £ then a de-
rivagao from I' is a finite sequence 1, ..., @, of férmulas where for each i < n
one of the following holds:

1. p; €l or
2. ; is an axiom; or

3. ; follows from some ¢; and ¢, with j < i and £ < ¢ by modus ponens,
Os., v = @ = ¢;.

Definigao int.2 (Axioms). The set of Axy of azioms for the intuitionistic
propositional logic are all formulas of the following forms:

(pAY) = (1)
(pAY) = (2)
o= (= (pAY)) (3)
= (p V) (4)
©— (P Vo) (5)
(p—=x) = (¥ —=x) = ([(pVY) = X)) (6)
o= (=) (7)
(= @W—=x) = (p—=9) = (@—X) (8)
L= (9)

Definicao int.3 (Derivabilidade). A férmula ¢ is derivdvel from I', written
I' F ¢, if there is a derivagao from I" ending in ¢.

Definicao int.4 (Theorems). A férmula @ is a theorem if there is a derivagao
of  from the empty set. We write - ¢ if ¢ is a theorem and ¥ ¢ if it is not.

Proposigao int.5. If I' - ¢ in intuitionistic logic, I' = ¢ in classical logic. In
particular, if ¢ is an intuitionistic theorem, it is also a classical theorem.

Prova. Every intuitionistic axiom is also a classical axiom, so every derivacao
in intuitionistic logic is also a derivagao in classical logic. O
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