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inp.1 )| completeness

Despite the incompleteness of Q and its consistent, axiomatizable extensions,
we have seen that Q does prove many basic facts about numerals. In fact, this
can be extended quite considerably. To understand the scope of what can be
proved in Q, we introduce the notions of Agy, X1, and I1; férmulas. Roughly
speaking, a X1 férmula is one of the form 3z ¢(x), where 1 is constructed using
only propositional connectives and bounded quantifiers. We shall show that if
¢ is a X; sentenca which is true in N, then Q ¢ (Teorema inp.7).

Definigao inp.1. A bounded existential formula is one of the form Jz (z <
t A p(x)) where ¢ is any term, which we conventionally write as (I < t) ¢(x).
A bounded universal formula is one of the form Vx (z < t — ¢(x)) where ¢ is
any term, which we conventionally write as (Vo < ) p(x).

Definigao inp.2. A férmula ¢ is Ay if it is built up from atomic férmulas
using only propositional connectives and bounded quantification. A férmula ¢
is X1 if ¢ = Jz¢p(x) where ¢ is Ag. A férmula @ is IT; if p = Vz¢p(x) where
’(/J is Ao.

Lema inp.3. Suppose t is a closed term such that Valm(t) =n. Then Q
t=mn.

Prova. We prove this by induction on the complexity of t. For the base case,
Val®(0) = 0, and Q I- 0 = 0 since 0 = o. For the inductive case, let ¢; and 5 be
terms such that Valm(tl) =nq, Valm(tg) =ng, QFt; =71, and QF ty = 7.
Then Val™((¢;)) = n1 +1, and we have that Q - #j = 7;’ by the first-order
rules for identity applied to the induction hypothesis and the férmula iy’ = ny’,
so we have Q It} = n; + 1 by the definition of numerals.
For sums we have

Val® ((t; 4 t2)) = Val™ (1) 4 Val™ (t3) = ny + ngy.

By the induction hypothesis and the rules for identity, Q & t; 4+ to = 1y + t2,
and then Q F ¢ +t2 = n7 + 73 by a second application of the rules for identity.
By 7?7, QFn1+ 7z =n1 +ng, 50 QF t1 +t2 =ng + no.

Similar reasoning also works for X, using ?7?7. Since this exhausts the closed
terms of arithmetic, we have that Q ¢t = 7 for all closed terms ¢ such that
Val™'(t) = n. O

Problema inp.1. Prove in detail the part of Lema inp.3 involving x.
Lema inp.4. Suppose t1 and ty are closed terms. Then
1. If Val'(t1) = Val™(ty), then Q -t = t,.
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2. If Val™ (t,) # Val™(to), then Q F t1 # to.
3. If Val™ (t1) < Val™(t2), then Q F t; < ts.
4. If Val™' (ty) < Val™(t1), then QF —=(t; < to).

Prova. Given terms t; and to, we fix n = Valm(tl) and m = Valm(tg).

Suppose ¢ = t; = t3. By Lema inp.3, Q F t; = n and Q F t2 = 7.
If n = m, then Q F 7 = m and hence Q F t; = t3 by the transitivity of
identity. If n # m then Q 7 # T, and by the transitivity of identity again,
QFt, #to.

Now let ¢ = t; < to. For both cases, we rely on axiom Q)g, which states
that * < y <> 322’ + 2z =y for all z,y.

Suppose M E t1 < ty. Then there exists some k& € N such that n+k+1 = m.
By Lema inp.3, Q - t; = mand Q F to = m, and by the first part of this lemma,
QF n+% =m. By the transitivity of identity it follows that Q F k +#, = o,
so Q F Jz 2" +t; = ta. By the right-to-left direction of Qg, Q -t < ta.

Suppose instead that M t; < t3, O.s., m < n. We work in Q and assume
that t; < to. By the left-to-right direction of Qg, there is some z such that
2+t =ty. Since QFt; =7 and Q F t5 = m, 2’ + 7 = m. By an external
induction on m using Qs, 2’ + n—m = 0. If m = n then 2’ # o, giving a
contradiction via Q3. If m < n then (2’ +n —m — 1)) = 0 by @5 again, giving
a contradiction via Q3. So Q F —(t1 < t2). O

Lema inp.5. Suppose @ is a formula, t a closed term, and k = Val™ (t). Then

1. QF (Vo <t) (@) iff QF p(0) A--- A p(k —1).

2. QF @z <t)pz) iff QF 0(0) V-V (k—1).

Prova. We prove the case for the bounded universal quantifier. If Val” () = 0
then the left-hand side of the equivalence is provable in Q, because there is
no x < 0 by ??. Similarly, we can take an empty disjunction to be simply T,
which is also provable in Q. We therefore suppose that Valm(t) =k +1 for
some natural number k. By Lema inp.3 we can assume that we are working
with a férmula of the form (Vo < k + 1) p(x).

Suppose that Q - (Vo < k + 1) ¢(z), and let n < k. Since Q -7 < k + 1
by Lema inp.4, it follows by logic that Q F ¢(7). Applying this fact k41 times

for each n < k, we get that Q F (0) A--- A p(k) as desired.

For the other direction, suppose that Q F ¢(0) A --- A (k). Working in Q,
suppose that © < k + 1. By ?? we have that t =0V ---V z = k, so by logic it
follows that ¢(z), and hence the universal claim (Vo < k + 1) ¢(z) follows.

The proof of the equivalence for bounded existentially quantified férmulas

is similar. O

Problema inp.2. Give a detailed proof of the existential case in Lema inp.5.

Lema inp.6. If ¢ is a Ay sentenca which is true in N, then Q F .
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Prova. We prove this by induction on féormula complexity. The base case is
given by Lema inp.4, so we move to the induction step. For simplicity we split
the case of negation into subcases depending on the structure of the férmula
to which the negation is applied.

1.

Suppose (p A1) is true in N, so ¢ and ¢ are true in N. By the induction
hypothesis, Q F ¢ and Q F ¢, so Q - (p A ) by logic.

Suppose —(p A1) is true in N, so either = or = is true in M. Without
loss of generality, suppose the former. By the induction hypothesis Q +
=, and hence Q F —(v A1) by logic.

Suppose (¢ V 1) is true in N, so either ¢ is true in 9 or ¥ is true in N.
Without loss of generality, suppose the former holds. By the induction
hypothesis Q - ¢, and hence Q F (¢ V 9) by logic.

Suppose (¢ V1)) is true in 9N, so ¢ and =) are true in 91. Then Q F —p
and Q F —) by the induction hypothesis. Consequently, Q - —(¢ V ¥)
by logic.

Suppose that (Vo < t) ¢(z) is true in N, where ¢ is a closed term and
k = Val®(t). By the induction hypothesis and logic, if p(7) is true in 0N
for all n < Val”'(¢) then Q + ©(0) A --- A o(k —1). By Lema inp.5 it
follows that Q F (Vz < t) p(z).

The case for the bounded existential quantifier, where we have a sentenca
of the form (3z < t) ¢(x), is similar to that for the bounded universal
quantifier.

Suppose that —(Vz < t) ¢(z) is true in N, where ¢ is a closed term.
This sentenga is equivalent to the sentenga (Jz < t) —p(z), with the
equivalence derivable in Q, so we may apply the reasoning for bounded
existential quantifiers.

Similarly, suppose that =(3z < t) p(z) is true in N, where ¢ is a closed
term. This sentenga is equivalent in Q to (Va < t) —¢(x), and so we may
apply the reasoning for bounded universal quantifiers.

Finally, suppose —¢ is true in 91. The only cases remaining are when ¢
is atomic and when —¢ = =) for some Aq sentenca . If ¢ is atomic
then by Lema inp.4, Q F —¢. If =¢p = ==, then by logic it is provably
equivalent in Q to 1, which is true in 91 since —p is true in 9. By the
induction hypothesis we therefore have that Q F —¢. O

Problema inp.3. Give a detailed proof of the existential case in Lema inp.6.

inciinp:sic: ' Teorema inp.7. If ¢ is a X1 sentenca which is true in M, then Q F .
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Prova. If Jxp(z) is a Xy sentenga which is true in 91, then there exists a natural
number n and a variable assignment s such that s(z) = n and M, s F ¢(z). By
standard facts about the satisfaction relation it follows that 9 F ¢(7). But
p(n) is a Ag férmula, so by Lema inp.6 we have that Q F ¢(7), and hence by
logic we also have that Q F 3z ¢(x). O
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