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req.1 Regular Minimization is Representable in Q

Let’s consider unbounded search. Suppose g(z, z) is regular and representable
in Q, say by the formula ¢4(x, z,y). Let f be defined by f(2) = pz [g(x, 2) = 0].
We would like to find a férmula ¢/(z,y) representing f. The value of f(z) is
that number x which (a) satisfies g(x, z) = 0 and (b) is the least such, O.s., for
any w < z, g(w, z) # 0. So the following is a natural choice:

0f(z,y) = @g(y, 2,0) AVw (w < y = ~pg(w, 2,0)).

In the general case, of course, we would have to replace z with zg, ..., 2.
The proof, again, will involve some lemmas about things Q is strong enough
to prove.

Lema req.1. For every simbolo de constante a and every natural number n,
QF (' +m) = (a+m).

Prova. The proof is, as usual, by induction on n. In the base case, n = 0, we
need to show that Q proves (¢’ + 0) = (a + 0)’. But we have:

F(a' +0)=d by axiom Q4 (1)
F(a+0)=a by axiom Q4 (2)
F(a+o0) =a byEq (2) (3)
F(a"4+0)=(a+0) byEq. (1) and Eq. (3)

In the induction step, we can assume that we have shown that Q - (¢’ +7) =
(a+m)’. Since n + 1 is 7', we need to show that Q proves (a’ +7') = (a +7')".
We have:

QF (' +7') = (a’ +7m) by axiom Qs (4)
QF (' +7') = (a+7) inductive hypothesis (5)
QF (a+mn) =(a+7n) byEq. (4) and Eq. (5). O

It is again worth mentioning that this is weaker than saying that Q proves
Ve Vy (¢’ +y) = (x+y)’. Although this sentenca is true in 9N, Q does not prove
it.

Lema req.2. QF Vzr—z <o.

Prova. We give the proof informally (O.s., only giving hints as to how to cons-
truct the formal derivagao).

We have to prove —a < o for an arbitrary a. By the definition of <, we
need to prove =3y (v’ + a) = 0 in Q. We'll assume Jy (y' + a) = o0 and prove a
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contradiction. Suppose (b’ +a) = 0. Using @3, we have that a =0V Iya =y’
We distinguish cases.

Case 1: a = 0 holds. From (b’ +a) = o, we have (V' +0) = 0. By axiom Q4
of Q, we have (b' +0) =¥, and hence &’ = 0. But by axiom Qs we also have
b’ # o, a contradiction.

Case 2: For some ¢, a = ¢/. But then we have (V' + ¢’) = 0. By axiom Qs,
we have (b’ 4+ ¢)’ = 0, again contradicting axiom Q5. O

Lema req.3. For every natural number n,
QFVz(z<n+l—=(x=0V---Vz="n)).

Prova. We use induction on n. Let us consider the base case, when n = 0. In
that case, we need to show a < 1 — a = o, for arbitrary a. Suppose a < 1.
Then by the defining axiom for <, we have Jy (y' + a) = 0o’ (since 1 = 0').

Suppose b has that property, O.s., we have (V' + a) = o’. We need to show
a = 0. By axiom Q3, we have either a = 0 or that there is a ¢ such that a = ¢'.
In the former case, there is nothing to show. So suppose a = ¢’. Then we have
(V) + ') = o’. By axiom @5 of Q, we have (V' + ¢)’ = o’. By axiom @1, we
have (' + ¢) = 0. But this means, by axiom s, that ¢ < o, contradicting
Lema req.2.

Now for the inductive step. We prove the case for n 4+ 1, assuming the
case for n. So suppose a < n + 2. Again using Q3 we can distinguish two
cases: a = 0 and for some b, a = b'. In the first case, a=0V---Va=n+1
follows trivially. In the second case, we have b’ < n+2, O.s., b <n+1. By
axiom Qs, for some ¢, (¢ + V) = n+1. By axiom Qs, (¢ +b) = n+1.
By axiom @i, (¢ +b) =n+1, and so b < n+ 1 by axiom Qg. By inductive
hypothesis, b = 0V ---V b = m. From this, we get ¥’ =o' V--- VIV =7 by
logic, and so a =1V ---Va=n+1since a ="b'. O

Lema req.4. For every natural number m,
QFYy((y<mvm<y)Vy=m).

Prova. By induction on m. First, consider the case m = 0. Q F Vy(y =
o0V 3zy = 2') by Q3. Let a be arbitrary. Then either a = 0 or for some b,
a =1b'. In the former case, we also have (a <oVo<a)Va=o0. Butifa=1"¥,
then (V' + 0) = (a + 0) by the logic of =. By Q4, (a + 0) = a, so we have
(' +0) = a, and hence 3z (2’ + 0) = a. By the definition of < in Qs, 0 < a. If
0 < a, then also (0 < aVa<o0)Va=o.

Now suppose we have

QW ((y<mVvm<y)Vy=m)
and we want to show

QY ((y<m+1Vm+1l<y)Vy=m+1)
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Let a be arbitrary. By Q)s3, either a = 0 or for some b, a = ¥'. In the first case,
we have m’ +a=m + 1 by Qq4, and so a < m + 1 by Qs.

Now consider the second case, a = b’. By the induction hypothesis, (b <
mVm<b)Vb=m.

The first disjunct b < T is equivalent (by Qg) to 3z (z/ + b) = m. Suppose
¢ has this property. If (¢/ +b) =m, then also (¢ +b) =m’. By Qs, (¢ +b) =
(¢ + V). Hence, (¢ +b') =m'. We get Ju (v +b) = m+ 1 by existentially
generalizing on ¢’ and keeping in mind that m’ = m + 1. Hence, if b < m then
b <m+1andsoa<m-+1.

Now suppose ™ < b, O.s., Iz (2’ + M) = b. Suppose c is such a z, O.s,,
(¢ +m) =10. By logic, (¢ +m) =V. By Qs, (¢ +m') =¥'. Since a =’ and
m=m+1,(c+m+1)=a. By Qs, m+1<a.

Finally, assume b = m. Then, by logic, b = m’, and so a = m + 1.

Hence, from each disjunct of the case for m and b, we can obtain the
corresponding disjunct for m + 1 and a. O

Proposicao req.5. If o,(z,z,y) represents g(z,z) in Q, then
P(2,9) = @g(y,2,0) AVw (w <y = =p4(w, 2,0))
represents f(z) = px [g(z,z) = 0].
Prova. First we show that if f(n) =m, then Q F ¢;(%,m), O.s.,
QF ¢q4(m,m,0) AVw (w < M — g (w, 7, 0)).
Since @g4(x, z,y) represents g(x, z) and g(m,n) = 0 if f(n) = m, we have
QF ¢4(m, 7, 0).
If f(n) = m, then for every k < m, g(k,n) # 0. So
Q'+ gy (k,7m,0).
We get that
QFVw(w <m— ~g4(w,m,0)). (6)

by Lema req.2 in case m = 0 and by Lema req.3 otherwise.

Now let’s show that if f(n) = m, then Q F Yy (¢s(7t,y) =y = m). We
again sketch the argument informally, leaving the formalization to the reader.

Suppose ¢f(m,b). From this we get (a) ¢4(b,7,0) and (b) Vw (w < b—
—pg(w,m,0)). By Lema req.4, (b <mVmm < b)Vb=m. We'll show that both
b < m and m < b leads to a contradiction.

If m < b, then —p, (T, 7,0) from (b). But m = f(n), so g(m,n) =0, and
so Q F ¢4 (M, 7, 0) since @y represents g. So we have a contradiction.

Now suppose b < . Then since Q F Vw (w < m——¢4(w, 7, 0)) by Eq. (6),
we get —pg4(b,7,0). This again contradicts (a). O
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