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Capitulo udf

Tableaux

This chapter presents a signed analytic tableaux system.
To include or exclude material relevant to natural deduction as a proof
system, use the “prfTab” tag.

-NoValue-

tab.1 Rules and Tableaux

A tableau is a systematic survey of the possible ways a sentenca can be true or
false in a estrutura. The building blocks of a tableau are formulas assinadas:
sentencas plus a truth value “sign,” either T or F. These signed férmulas are
arranged in a (downward growing) tree.

Definigao tab.1. A formula assinada is a pair consisting of a truth value and
a sentenga, O.s., either:
Ty or Fe.

Intuitively, we might read T ¢ as “p might be true” and F ¢ as “p might
be false” (in some estrutura).

Each férmula assinada in the tree is either an assumption (which are listed
at the very top of the tree), or it is obtained from a férmula assinada above it
by one of a number of rules of inference. There are two rules for each possible
operador principal of the preceding férmula, one for the case where the sign
is T, and one for the case where the sign is F. Some rules allow the tree to
branch, and some only add féormulas assinadas to the branch. A rule may be
(and often must be) applied not to the immediately preceding férmula assinada,
but to any férmula assinada in the branch from the root to the place the rule
is applied.

A branch is closed when it contains both Ty and F¢. A closed tableau
is one where every branch is closed. Under the intuitive interpretation, any



branch describes a joint possibility, but Ty and F ¢ are not jointly possible.
In other words, if a branch is closed, the possibility it describes has been ruled
out. In particular, that means that a closed tableau rules out all possibilities
of simultaneously making every assumption of the form T¢ true and every

assumption of the form F ¢ false.

A closed tableau for ¢ is a closed tableau with root F . If such a closed
tableau exists, all possibilities for ¢ being false have been ruled out; O.s., ¢

must be true in every estrutura.

-NoValue-

tab.2 Propositional Rules

Rules for —

Tﬁgp Fﬁ(p
Fo =T To —F
Rules for A
Ty A
#/\T ]F(,O/\l/J /\F
’ Fo | Fy
Ty
Rules for Vv
Fopv
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— VT Fo
Rules for —
Fop—
T(p_>¢ M—)F
—— X =T Ty
Fe | T¢ Fo
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The Cut Rule

—F—— Cut
Ty | Feo

The Cut rule is not applied “to” a previous férmula assinada; rather, it allows
every branch in a tableau to be split in two, one branch containing Ty, the
other F¢. It is not necessary—any set of formulas assinadas with a closed
tableau has one not using Cut—but it allows us to combine tableaux in a
convenient way.

-NoValue-

tab.3 Quantifier Rules

fol:tab:qrl: Rules for v

sec

TVz p(z) T FVz p(z)
Te(t) Fo(a)

In VT, ¢ is a closed term (O.s., one without variables). In VF, a is a simbolo
de constante which must not occur anywhere in the branch above VF rule. We
call a the eigenvariable of the VF inference.!

Rules for 3
T3z p(x) F 3z o(x)
T ¢(a) Fo(t)

Again, t is a closed term, and a is a simbolo de constante which does not
occur in the branch above the 3T rule. We call a the eigenvariable of the 3T
inference.

The condition that an eigenvariable not occur in the branch above the VF
or dT inference is called the eigenvariable condition.

Recall the convention that when ¢ is a formula with the variavel x free, we explanation
indicate this by writing ¢(z). In the same context, ¢(t) then is short for ¢[t/z].
So we could also write the dJFF rule as:

IWe use the term “eigenvariable” even though a in the above rule is a simbolo de cons-
tante. This has historical reasons.

tableaux rev: 51c2271 (2026-07-12) por OLP / CC-BY. 3


https://github.com/OpenLogicProject/OpenLogic-pt
https://github.com/OpenLogicProject/OpenLogic-pt/commits/master
http://openlogicproject.org/
http://creativecommons.org/licenses/by/4.0/

Fdx e
Folt/x]

Note that t may already occur in ¢, p.ex., ¢ might be P(¢,2). Thus, infer-
ring F P(¢,t) from F3x P(t,x) is a correct application of IF. However, the
eigenvariable conditions in VIF and 3T require that the simbolo de constante a
does not occur in ¢. So, you cannot correctly infer F P(a, a) from FVz P(a, x)
using VEF.

explanation In VT and JF there are no restrictions on the term ¢. On the other hand,
in the dT and VF rules, the eigenvariable condition requires that the simbolo
de constante a does not occur anywhere in the branches above the respective
inference. It is necessary to ensure that the system is sound. Without this
condition, the following would be a closed tableau for 3z ¢(x) — Vz p(x):

Jr

1 F 3z p(z) = Vo o(z) Assumption
2. T3z p(x) —F1
3. FVzp(z) —F1
4 T(a) T2
5 F o(a) VI3
&

However, 3z p(z) — Vx p(x) is not valid.
-NoValue-

tab.4 Tableaux

explanation  We’ve said what an assumption is, and we’ve given the rules of inference. fol:tab:der:
Tableaux are inductively generated from these: each tableau either is a single **°
branch consisting of one or more assumptions, or it results from a tableau by
applying one of the rules of inference on a branch.

Definicao tab.2 (Tableau). A tableau for assumptions Syo1, . .., Sgpn (Where
each S; is either T or IF) is a finite tree of férmulas assinadas satisfying the fol-
lowing conditions:

1. The n topmost férmulas assinadas of the tree are Syp;, one below the
other.

2. Every férmula assinada in the tree that is not one of the assumptions re-
sults from a correct application of an inference rule to a férmula assinada
in the branch above it.

A branch of a tableau is closed iff it contains both Ty and F ¢, and open
otherwise. A tableau in which every branch is closed is a closed tableau (for its
set of assumptions). If a tableau is not closed, O.s., if it contains at least one
open branch, it is open.
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fol:tab:pro:
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Exemplo tab.3. Every set of assumptions on its own is a tableau, but it will
generally not be closed. (Obviously, it is closed only if the assumptions already
contain a pair of formulas assinadas T and F ¢.)

From a tableau (open or closed) we can obtain a new, larger one by applying
one of the rules of inference to a férmula assinada ¢ in it. The rule will
append one or more férmulas assinadas to the end of any branch containing
the occurrence of ¢ to which we apply the rule.

For instance, consider the assumption T ¢ A —p. Here is the (open) tableau
consisting of just that assumption:

1. T A—p Assumption

We obtain a new tableau from it by applying the AT rule to the assumption.
That rule allows us to add two new lines to the tableau, T ¢ and T —¢:

1. T A—p Assumption
2. T AT 1
3. T—¢ AT 1

When we write down tableaux, we record the rules we’ve applied on the right
(p-ex., AT1 means that the férmula assinada on that line is the result of ap-
plying the AT rule to the férmula assinada on line 1). This new tableau now
contains additional férmulas assinadas, but to only one (T —p) can we apply a
rule (in this case, the —T rule). This results in the closed tableau

1 ToA-p Assumption
2. Ty AT1
3. T-p AT1
4 Fo -T3
®

-NoValue-

tab.5 Examples of Tableaux
Exemplo tab.4. Let’s find a closed tableau for the sentenca (¢ A ¥) — .
We begin by writing the corresponding assumption at the top of the tableau.
1. FlpAp)—o Assumption
There is only one assumption, so only one féormula assinada to which we
can apply a rule. (For every férmula assinada, there is always at most one

rule that can be applied: it’s the rule for the corresponding sign and operador
principal of the sentenca.) In this case, this means, we must apply —F.
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1. F(pAY)— oV Assumption
2. TeAy —F1
3. Fo —F1

To keep track of which férmulas assinadas we have applied their corresponding
rules to, we write a checkmark next to the sentence. However, only write a
checkmark if the rule has been applied to all open branches. Once a férmula
assinada has had the corresponding rule applied in every open branch, we will
not have to return to it and apply the rule again. In this case, there is only
one branch, so the rule only has to be applied once. (Note that checkmarks
are only a convenience for constructing tableaux and are not officially part of
the syntax of tableaux.)

There is one new férmula assinada to which we can apply a rule: the T o A%
on line 2. Applying the AT rule results in:

1 F(pAY)— oV Assumption
2 ToAyY vV —F1
3. Fo —F1
4 T AT 2
5 T AT 2
®

Since the branch now contains both T¢ (on line 4) and F¢ (on line 3), the
branch is closed. Since it is the only branch, the tableau is closed. We have
found a closed tableau for (¢ A ¥) — .

Exemplo tab.5. Now let’s find a closed tableau for (—¢ V ©) = (¢ — ¥).
We begin with the corresponding assumption:

1. F(—o V)= (p—1) Assumption

The one férmula assinada in this tableau has operador principal — and sign F,
so we apply the —TF rule to it to obtain:

1. F(-oVy)—=(p—=9) v Assumption
T-p Ve —F1
3. F(p—1) —F1

™o

We now have a choice as to whether to apply VT to line 2 or —F to line 3. It
actually doesn’t matter which order we pick, as long as each féormula assinada
has its corresponding rule applied in every branch. So let’s pick the first one.
The VT rule allows the tableau to branch, and the two conclusions of the rule
will be the new férmulas assinadas added to the two new branches. This results
in:
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1. F(-oVy)—=(p—=9) v Assumption
2. TV v SF1
3. F(p—1) —F1
4, T-p T VT2

We have not applied the —F rule to line 3 yet: let’s do that now. To save
time, we apply it to both branches. Recall that we write a checkmark next to
a férmula assinada only if we have applied the corresponding rule in every open
branch. So it’s a good idea to apply a rule at the end of every branch that
contains the formula assinada the rule applies to. That way we won’t have to
return to that formula assinada lower down in the various branches.

1. F(-pVy)—=(p—=9) v Assumption
2. T-pVy v —F1
3. F(p—y) v —F1
SN
4. T-p Ty VT2
5. Ty To —F3
6. Fop  Fo LF3
&

The right branch is now closed. On the left branch, we can still apply the =T
rule to line 4. This results in F ¢ and closes the left branch:

1. F(-oVy)—=(p—=9) v Assumption

2. T—p Vv SF1

3. Flp—v) v —F1
SN

4. T-p T VT2

D. Ty To —F3

6. Fy  Fo SF3

7. Fo ®© ~T4
&

Exemplo tab.6. We can give tableaux for any number of formulas assinadas
as assumptions. Often it is also necessary to apply more than one rule that
allows branching; and in general a tableau can have any number of branches.
For instance, consider a tableau for {To V (¥ A x),F (e V) A (pV x)}. We
start by applying the VT to the first assumption:

1. TeV(Ax) Vv Assumption
2. F(pVY)A(pVX) Assumption

PN

3. Ty TyYAx VvT1
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Now we can apply the AF rule to line 2. We do this on both branches simul-
taneously, and can therefore check off line 2:

1. TeV(WAx)V Assumption
2. FpVY)A(pVX) vV Assumption
3. Ty Ty A x vT1

/\/\

4. Fevy Fevy Fevey FeVvy AF 2

Now we can apply VF to all the branches containing ¢ V ¥:

1. TeV@WAx) Vv Assumption
2. F(pVY)A(pVx)V Assumption
3. T Ty Ax VvT1
4. Fovyv Fevxy Fevyv Fevy AF 2
5. Fop Fop VF4
6. Fq Fq VF 4

b2y

The leftmost branch is now closed. Let’s now apply VF to ¢ V x:

L. ToVv (@ Ax) v Assumption
F(eVy)A(pVX) vV Assumption
3. Ty Ty A x vT1
4. Fevy v Fevyv Fevev FevyV AF 2
5. Fo J Fop J VEF4
6. F F VF 4
7. ® Fo Fe VIF 4
8. Fx Fx VIF 4
®

Note that we moved the result of applying VI a second time below for clarity.
In this instance it would not have been needed, since the justifications would
have been the same.

Two branches remain open, and T A x on line 3 remains unchecked. We
apply AT to it to obtain a closed tableau:
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1. TeV(WAx)V Assumption

F(oVy)A(pVX) vV Assumption
3. Ty TyAx v VvT1
4. Fevev Fevyxyv Feveuv FevyV AF 2
o. Fo Fo Fo Fo VIF 4
6. Fq Fx F Fx VvF4
7. ® ® T Ty AT 3
8. T x Tx AT 3
® ®

For comparison, here’s a closed tableau for the same set of assumptions in
which the rules are applied in a different order:

1. TeV@WAx) vV Assumption
2. F(pV)A(pVx) vV Assumption
3. Fovy v FoVvyx Vv AF 2
4. Fo Fo VF 3
5. Fq Fx VF3

Nl T

6. Ty TyYyAxvy Te TyYAx v VvT1

7. ® Ty ® Ty AT 6

8. Ty Tx AT 6
& ®

Problema tab.1. Give closed tableaux of the following:
L TeA®AX),F(pnd)Ax.
2. ToVv (@ Vx),FlpVy)Vix.
3. Te—= (Y —=x),Fp—(p—x).
4. Ty, F-—e.
Problema tab.2. Give closed tableaux of the following:
1. T(eVy)—x,Fp—x.
2. T(e=>x)A (W —=x),F(eVe) =X
3. F=(o A —g).

4. Ty = o, F-p— .
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5. F(p— —p) = —p.

6. Fo(p— ) = .

7. To—x,F=(eA-x).

8 Ty A—-x,F-(e—x).

9. TeVy,—,Fe.

10. T=p V=), F=(p A ).

11. F (= A=) = =(p V1))

12. F=(p V) = (2 A ).
Problema tab.3. Give closed tableaux of the following:

1. T=(e—=v),Fo.

2. T=(p A1), F—pV -

3. To— Y, FapVa.

4. F——=p — .

5. To— o, T-p—1,Fa.

6. T(pAY) = xFlp—=x)V(¥—=X)

7. T(p =)=, Fo.

8. F(p—=9)V(¥—x)-

-NoValue-

tab.6 Tableaux with Quantifiers

Exemplo tab.7. When dealing with quantifiers, we have to make sure not
to violate the eigenvariable condition, and sometimes this requires us to play
around with the order of carrying out certain inferences. In general, it helps
to try and take care of rules subject to the eigenvariable condition first (they
will be higher up in the finished tableau).

Let’s see how we’d give a tableau for the sentenca Iz —p(z) — =V p(z).
Starting as usual, we start by recording the assumption,

1. F 3z —p(x) = —V p(x) Assumption
Since the operador principal is —, we apply the —F:
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1.
2.
3.

F 3z —p(x) = —Vao(x) v
T3z —p(x)
F—Vz o(x)

Assumption
—F1
—F1

The next line to deal with is 2. We use JT. This requires a new simbolo
de constante; since no simbolos de constante yet occur, we can pick any one,

say, a.

1
2.
3.
4

F 3z —p(x) = Ve o(x) v
T3z —p(x) v
F—Vz p(x)
T=p(a)

Now we apply —F to line 3:

1
2.
3.
4
5

F3z—p(z) = Vep(z) v
T3z —p(z) v
F—Vzo(x) v

T —p(a)
TV p(x)

Assumption
—F1

—F1

T 2

Assumption
—F1

—F1

aT 2

-F3

We obtain a closed tableau by applying =T to line 4, followed by VT to line 5.

1
2
3.
4.
5
6
7

F3z—p(z) = Vep(z) v
T3z —p(x) v
F—-Va o(x) v

T —p(a)
TV @(x)
F¢(a)
Ty(a)
®

Assumption
—F1

—F1

aT 2

-F3

-T4

vT5

Exemplo tab.8. Let’s see how we’d give a tableau for the set

F 3w x (2, 0), T3z (p(x) A(2)), TV ((2) = x(x,0)).

Starting as usual, we start with the assumptions:

F 3z x(x,b)
T3z (¢(x) A (x))
TV (¢ (z) = x(x, b))

Assumption
Assumption
Assumption

We should always apply a rule with the eigenvariable condition first; in this
case that would be 3T to line 2. Since the assumptions contain the simbolo de
constante b, we have to use a different one; let’s pick a again.
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1 F 3z x(x,b) Assumption
2 T3z (e(x) ANp(x)) v Assumption
3 TVz (¢(x) = x(z,b)) Assumption
4 Tp(a) Ap(a) T2

If we now apply JF to line 1 or VT to line 3, we have to decide which term ¢
to substitute for x. Since there is no eigenvariable condition for these rules, we
can pick any term we like. In some cases we may even have to apply the rule
several times with different ¢s. But as a general rule, it pays to pick one of the
terms already occurring in the tableau—in this case, a and b—and in this case
we can guess that a will be more likely to result in a closed branch.

1. F 3z x(x,b) Assumption
2. T3z (e(x) Ap(x)) v Assumption
3. TVz (¢ () = x(z,b)) Assumption
4. Tp(a) Ap(a) T2
5. F x(a,b) JF1
6. Ty (a) — x(a,b) VT3

We don’t check the formulas assinadas in lines 1 and 3, since we may have to
use them again. Now apply AT to line 4:

1. F 3z x(x,b) Assumption
2. T3z (o(x) ANp(x)) v Assumption
3. TVz (Y(x) = x(x,b)) Assumption
4. Ty(a) Ap(a) aT2
5. F x(a,b) JF1
6. Ty (a) = x(a,b) vT3
7. Tp(a) AT 4
8. T+(a) AT 4

If we now apply —T to line 6, the tableau closes:

12

1. F 3z x(z,b) Assumption
2. T3z (p(x) ANp(x)) v Assumption
3. TVz (¢(x) = x(z,0)) Assumption
4. Te(a) Ap(a) aT2

5. F x(a,b) JF1

6. Ty(a) = x(a,b) v vT3

7. Tp(a) AT 4

8. T+(a) AT 4

N
9. Fy(a) Tx(a,b) —T6
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Exemplo tab.9. We construct a tableau for the set

TVYz p(z), TVz o(z) = Iy ¢(y), T3y (y).

Starting as usual, we write down the assumptions:

1. TV @(x) Assumption
2. TVz p(x) = Jyy(y) Assumption
3. T—-Jy Y (y) Assumption

We begin by applying the =T rule to line 3. A corollary to the rule “always
apply rules with eigenvariable conditions first” is “defer applying quantifier
rules without eigenvariable conditions until needed.” Also, defer rules that

result in a split.

1. TVz p(z) Assumption
2. TVz p(z) = Jyv(y) Assumption
3. T-3y(y) v Assumption
4. F3yy(y) -T3

The new line 4 requires dF, a quantifier rule without the eigenvariable condi-

tion. So we defer this in favor of using —T on line 2.

1. TVz p(z) Assumption
2. TVz p(x) = Jy(y) v Assumption
3. T-Iyv(y) v Assumption
4. F3y(y) -T3
5. FVzp(z) T3Iyyv(y) —T2

Both new formulas assinadas require rules with eigenvariable conditions, so

these should be next:

1. TVz p(z) Assumption

2. TVz o(x) = Jyv(y) v Assumption

3. T-Jy(y) v Assumption

4. F3Iyy(y) -T3
/\

5. FVro(z) v T3Iyvly) v —T2

6. F ¢(b) T(c) VIF5; 3T 5

To close the branches, we have to use the féormulas assinadas on lines 1 and 3.
The corresponding rules (VT and JF) don’t have eigenvariable conditions, so
we are free to pick whichever terms are suitable. In this case, that’s b and c,

respectively.
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explanation

1. TV @(x) Assumption
2. TVz p(x) = Jyv(y) v Assumption
3. T-Jyy(y) v Assumption
4. F3y(y) -T3
/\

5 Fvxo(x) v TIyy(y) v -T2

6 F (b) T (c) VEF5; 3T5
7 T (b) F ) (c) VT1; IF 4

Problema tab.4. Give closed tableaux of the following:
L F (V2 o(e) Ay ly) = V2 (9(2) A 0(2).
2. F (B p(x) V 3y () — 32 (9() V (=),
3. TV (p(x) =), F Iy p(y) — .
4. TVz —p(z),F -3z p(z).
5. F—=3z p(r) = Vo —p(x).
6. F -3 vy ((p(,y) = =y, y)) A (=e(y, y) = ¢(x,9)))-
Problema tab.5. Give closed tableaux of the following:
1. F—Vzo(x) = Jz ().
2. T(Vop(x) =), F Iy (o(y) = ¢).
3. F 3z (p(x) = Yy e(y)).

-NoValue-

tab.7 Proof-Theoretic Notions

This section collects the definitions of the provability relation and con-
sistency for tableaux.

Just as we've defined a number of important semantic notions (validity, en-
tailment, satisfiability), we now define corresponding proof-theoretic notions.
These are not defined by appeal to satisfaction of sentencas in estruturas, but
by appeal to the existence of certain closed tableaux. It was an important dis-
covery that these notions coincide. That they do is the content of the soundness
and completeness theorems.
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fol:tab:ptn:

prop:reflexivity

fol:tab:ptn:

prop:monotonicity

fol:tab:ptn:

prop:transitivity

Definicao tab.10 (Theorems). A sentenca ¢ is a theorem if there is a closed
tableau for F ¢. We write I ¢ if ¢ is a theorem and ¥ ¢ if it is not.

Definigao tab.11 (Derivabilidade). A sentenca ¢ is derivdvel from a set
of sentengas I', I' F ¢ iff there is a finite set {¢1,...,¢,} C I" and a closed
tableau for the set

{IF Qaqu/}la s aTq;Z)n}

If ¢ is not derivavel from I" we write I" ¥ ¢.

Definicao tab.12 (Consistency). A set of sentencas I is inconsistent iff
there is a finite set {11,...,%,} C I" and a closed tableau for the set

{Tq,..., T}
If I is not inconsistent, we say it is consistent.
Proposicao tab.13 (Reflexivity). Ifp € I, then ' F .
Prova. If p € I', {} is a finite subset of I" and the tableau
1. Fo Assumption

2. Ty Assumption
®

is closed. O
Proposicao tab.14 (Monotonicity). IfI' C A and I'F ¢, then A+ .
Prova. Any finite subset of I" is also a finite subset of A. O

Proposicao tab.15 (Transitivity). IfI'F ¢ and {p}UAF 9, then TUA
1.

Prova. If {¢} U A F 9, then there is a finite subset Ag = {x1,...,xnt C A
such that

{FwaT%TXL e 7TXn}
has a closed tableau. If I" - ¢ then there are 61, ..., 6, such that
{Fo,TO1,...,TO,}

has a closed tableau.
Now consider the tableau with assumptions

Fo, Tx1,.- s Txns TO1, ..., T .
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Apply the Cut rule on ¢. This generates two branches, one has T in it, the
other IF ¢. Thus, on the one branch, all of

{FwaTSDaTXhaTXn}

are available. Since there is a closed tableau for these assumptions, we can
attach it to that branch; every branch through T ¢ closes. On the other branch,
all of

{Fo,T6,...,TO}

are available, so we can also complete the other side to obtain a closed tableau.
This shows I"U A F . O

Note that this means that in particular if I' - ¢ and ¢ - 4, then I' . It
follows also that if ¢1,...,p, F ¢ and I' F ¢; for each 4, then I" - 1.

Proposicao tab.16. I is inconsistent iff I' = ¢ for every sentenca .
Prova. Exercise. O
Problema tab.6. Prove Proposicao tab.16

Proposicao tab.17 (Compactness).
1. If I' F ¢ then there is a finite subset Iy C I such that I F .

2. If every finite subset of I' is consistent, then I is consistent.

Prova. 1. If I' - ¢, then there is a finite subset Iy = {¢1,...,¢,} and a
closed tableau for

{IF ‘vad)la oo 7T7/)n}
This tableau also shows I F .

2. If I is inconsistent, then for some finite subset Iy = {¢1,...,%,} there
is a closed tableau for

{Twh)jrwn}

This closed tableau shows that I is inconsistent. L]

-NoValue-

tab.8 Derivabilidade and Consistency

We will now establish a number of properties of the derivabilidade relation.
They are independently interesting, but each will play a role in the proof of
the completeness theorem.

Proposicao tab.18. IfI'+ ¢ and I' U {¢} is inconsistent, then I" is incon-
sistent.

16 tableaux rev: 51c2271 (2026-07-12) por OLP / CC-BY.
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fol:tab:prv:
prop:prov-incons

fol:tab:prv:

prop:explicit-inc

fol:tab:prv:

prop:provability-exhaustive

Prova. There are finite Iy = {¢1,...,¥n} and I = {x1,...,xn} C I" such
that

{F <P7T¢1a e aTwn}
{To,Tx1y.--, TxXrm }
have closed tableaux. Using the Cut rule on ¢ we can combine these into a

single closed tableau that shows Iy U I is inconsistent. Since Iy C I and
Ihn CI', Iyuly CTI, hence I' is inconsistent. O

Proposicao tab.19. I't ¢ iff I' U {—¢} is inconsistent.

Prova. First suppose I' - ¢, O.s., there is a closed tableau for

{F <)07Tw1a s 7T¢n}

Using the —T rule, this can be turned into a closed tableau for

{T_"vawla cee 7T7pn}

On the other hand, if there is a closed tableau for the latter, we can turn it
into a closed tableau of the former by removing every formula that results from
=T applied to the first assumption T —¢ as well as that assumption, and adding
the assumption F ¢. For if a branch was closed before because it contained the
conclusion of =T applied to T —p, O.s., F ¢, the corresponding branch in the
new tableau is also closed. If a branch in the old tableau was closed because
it contained the assumption T —¢ as well as F —¢ we can turn it into a closed
branch by applying —F to F —p to obtain T . This closes the branch since we
added F ¢ as an assumption. O

Problema tab.7. Prove that I' + - iff I' U {¢} is inconsistent.
Proposigao tab.20. IfI'F ¢ and —p € I', then I is inconsistent.

Prova. Suppose I' - ¢ and = € I'. Then there are 1, ..., ¥, € I' such that

{IF %Tibla v 7’]1‘7[)71}

has a closed tableau. Replace the assumption F ¢ by T —¢, and insert the
conclusion of =T applied to I ¢ after the assumptions. Any sentenca in the
tableau justified by appeal to line 1 in the old tableau is now justified by appeal
to line n 4 1. So if the old tableau was closed, the new one is. It shows that I’

is inconsistent, since all assumptions are in I'. O

Proposicao tab.21. If I'U{p} and I'U{—p} are both inconsistent, then I'
18 inconsistent.
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Prova. If there are 91, ..., ¥, € I' and x1, ..., Xm € I such that

{T,T9y,...,Tep,} and
{T_“PvTXla R aTXm}

both have closed tableaux, we can construct a single, combined tableau that
shows that I" is inconsistent by using as assumptions Ty, ..., T, together
with T x1, ..., T xm, followed by an application of the Cut rule. This yields
two branches, one starting with T ¢, the other with F .

On the left left side, add the part of the first tableau below its assumptions.
Here, every rule application is still correct, since each of the assumptions of the
first tableau, including T ¢, is available. Thus, every branch below T ¢ closes.

On the right side, add the part of the second tableau below its assumption,
with the results of any applications of =T to T —¢ removed. The conclusion of
=T to T—¢ is F ¢, which is nevertheless available, as it is the conclusion of the
Cut rule on the right side of the combined tableau.

If a branch in the second tableau was closed because it contained the as-
sumption T—¢ (which no longer appears as an assumption in the combined
tableau) as well as F =, we can applying —F to F —¢ to obtain T . Now the
corresponding branch in the combined tableau also closes, because it contains
the right-hand conclusion of the Cut rule, F . If a branch in the second ta-
bleau closed for any other reason, the corresponding branch in the combined
tableau also closes, since any férmulas assinadas other than T —¢ occurring on
the branch in the old, second tableau also occur on the corresponding branch
in the combined tableau. [

-NoValue-

tab.9 Derivabilidade and the Propositional Connectives

explanation We establish that the derivabilidade relation - of tableaux is strong enough to fol:tab:ppr:
establish some basic facts involving the propositional connectives, such as that **
e AU pand p, o — ¥ 1 (modus ponens). These facts are needed for the
proof of the completeness theorem.

Proposigéo tab.22. fol:tab:ppr:
prop:provability-land
1. Both 2 A\ w - 2] and Vo) A\ ’(ﬁ F '(/) fol:tab:ppr:
prop:provability-land-left
2' ®, ,ll) '_ ® A ,l/} fol:tab:ppr:

prop:provability-land-right

Prova. 1. Both {Fy, Tp A¢} and {F v, T A ¢} have closed tableaux

1. Fo Assumption
2. TNy Assumption
3. Ty AT 2
4. Ty AT 2

&
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1. F Assumption
2. ToAy Assumption
3. Ty AT 2
4. T AT 2

&

2. Here is a closed tableau for {T ¢, Ty, F ¢ A}:

1. FopAy Assumption
2. Ty Assumption
3. Ty Assumption
4. Fe Fuo AF1

® ®

fol:tab-ppr:  Proposigao tab.23.
prop:provability-lor

1. {p Vb, —~p, —)} is inconsistent.

2. Both oo VY andp =@V,

Prova. 1. We give a closed tableau of {Tp V1, T -, T—e)}:

1. TpVay Assumption
2. T—¢ Assumption
3. T =) Assumption
4. Fo -T2
5. Fy -T3
N
6. Te T VT1
® ®

2. Both {Fo V¢, Te} and {F ¢ V¢, Ty} have closed tableaux:

1. Fovay Assumption
2. T Assumption
3. Fe VIF1
4. Fy VF1

(24
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Proposigao tab.24.

Prova.

20

1. p,p—=Y .

=W

Fopvay
Ty

Fy

2. Both —pFo—1Y and Y o — .

2. Both {F ¢ — ¢, T-p} and {F ¢ — ¢, T} have closed tableaux:

-NoValue-

W

CU W=

W N

F
Te—19
Te
N
Fo To
® ®

Fo—y
T
Ty
F
Fo
®

Fe—vy
T

Fy

tableaux rev: 51c2271 (2026-07-12) por OLP / CC-BY.

Assumption
Assumption
VF 1
VIF1

1. {F¢,Te — ¢, T} has a closed tableau:

Assumption
Assumption
Assumption

—T2

Assumption
Assumption
—F1
—F1
-T2

Assumption
Assumption
—F1
—F1

fol:tab:ppr:
prop:provability-lif

fol:tab:ppr:
prop:provability-lif-left

fol:tab:ppr:
prop:provability-lif-right
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tab.10 Derivabilidade and the Quantifiers

fol:tab:qpr: ' 1'he completeness theorem also requires that the tableaux rules yield the facts explanation
*°“ about F established in this section.

folitab:gpr: ' Teorema tab.25. If ¢ is a constant not occurring in I' or p(x) and I' - ¢(c),
thm:strong-generalization th@n I“ [ vfl; QO(:L‘)

Prova. Suppose I' F ¢(c), O.s., there are ¢, ..., ¥, € I and a closed tableau
for

{Fp(c),Tep1,..., T, }.

We have to show that there is also a closed tableau for

{FVzp(x),Tpr,...,To,}.

Take the closed tableau and replace the first assumption with FVz ¢(z), and
insert F ¢(c) after the assumptions.

F(c) FVz o(x)
T4 T4
Tepn Tepn

A\ IE‘c/pRc)

The tableau is still closed, since all sentencas available as assumptions before
are still available at the top of the tableau. The inserted line is the result of
a correct application of VF, since the simbolo de constante ¢ does not occur in
V1, ..., Yy or Yo p(z), O.s., it does not occur above the inserted line in the
new tableau. O

fol:tab:qpr: Proposicao tab.26.

prop:provability-quantifiers
1. ¢(t) F Jx ().
2. Ve o(x) - p(t).

Prova. 1. A closed tableau for F 3z p(x), T p(¢) is:

1. F 3z o(x) Assumption

2. T p(t) Assumption
3. F o(t) JF1
0

2. A closed tableau for F ¢(t), TVx ¢(x), is:
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explanation

1. Fp(t) Assumption
2. TVz p(z) Assumption
3. T p(t) VT 2

&

-NoValue-

tab.11 Soundness

A derivacao system, such as tableaux, is sound if it cannot deriva things that
do not actually hold. Soundness is thus a kind of guaranteed safety property for
derivagao systems. Depending on which proof theoretic property is in question,
we would like to know for instance, that

1. every derivavel ¢ is valid;

2. if a sentencga is derivavel from some others, it is also a consequence of
them;

3. if a set of sentengas is inconsistent, it is unsatisfiable.

These are important properties of a derivagao system. If any of them do not
hold, the derivacao system is deficient—it would deriva too much. Conse-
quently, establishing the soundness of a derivacao system is of the utmost
importance.

Because all these proof-theoretic properties are defined via closed tableaux
of some kind or other, proving (1)—(3) above requires proving something about
the semantic properties of closed tableaux. We will first define what it means
for a férmula assinada to be satisfied in a structure, and then show that if a
tableau is closed, no structure satisfies all its assumptions. (1)—(3) then follow
as corollaries from this result.

Definigao tab.27. A estrutura MM satisfies a formula assinada T iff M E ¢,
and it satisfies F ¢ iff MM . M satisfies a set of férmulas assinadas I" iff it
satisfies every S € I'. I' is satisfiable if there is a estrutura that satisfies it,
and unsatisfiable otherwise.

Teorema tab.28 (Soundness). If " has a closed tableau, I' is unsatisfiable.

Prova. Let’s call a branch of a tableau satisfiable iff the set of férmulas assina-
das on it is satisfiable, and let’s call a tableau satisfiable if it contains at least
one satisfiable branch.

We show the following: Extending a satisfiable tableau by one of the rules
of inference always results in a satisfiable tableau. This will prove the theo-
rem: any closed tableau results by applying rules of inference to the tableau
consisting only of assumptions from I'. So if I" were satisfiable, any tableau
for it would be satisfiable. A closed tableau, however, is clearly not satisfiable:
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every branch contains both T ¢ and F ¢, and no structure can both satisfy and
not satisfy (.

Suppose we have a satisfiable tableau, O.s., a tableau with at least one
satisfiable branch. Applying a rule of inference either adds férmulas assinadas
to a branch, or splits a branch in two. If the tableau has a satisfiable branch
which is not extended by the rule application in question, it remains a satisfiable
branch in the extended tableau, so the extended tableau is satisfiable. So we
only have to consider the case where a rule is applied to a satisfiable branch.

Let I" be the set of férmulas assinadas on that branch, and let Sy € I" be
the formula assinada to which the rule is applied. If the rule does not result
in a split branch, we have to show that the extended branch, O.s., I" together
with the conclusions of the rule, is still satisfiable. If the rule results in a split
branch, we have to show that at least one of the two resulting branches is
satisfiable.

First, we consider the possible inferences that do not result in a split branch.

1. The branch is expanded by applying =T to T - € I'. Then the extended
branch contains the férmulas assinadas I' U {F¢}. Suppose MM F I'. In
particular, 9 E —¢p. Thus, M ¥ ¢, O.s., N satisfies F 1.

2. The branch is expanded by applying —F to F =) € I': Exercise.

3. The branch is expanded by applying AT to T A x € I', which results in
two new férmulas assinadas on the branch: T and T x. Suppose M E I,
in particular MM F ¥ A x. Then M F ¢ and M F x. This means that N
satisfies both T and T x.

4. The branch is expanded by applying VF to F1 V x € I': Exercise.

5. The branch is expanded by applying —F to Fy — x € I': This results in
two new férmulas assinadas on the branch: T and F x. Suppose M E I,
in particular 9 ¥ ¢ — x. Then 9 E ¢ and M ¥ y. This means that 9
satisfies both T and F x.

6. The branch is expanded by applying VT to TVax(z) € I': This results
in a new férmula assinada T(t) on the branch. Suppose 9 E I, in
particular, MM E Vz p(z). By 7?7, M E p(t). Consequently, I satisfies

T p(t).

7. The branch is expanded by applying VF to FVz(x) € I': This results
in a new férmula assinada F ¢(a) where a is a simbolo de constante not
occurring in I'. Since I is satisfiable, there is a 9t such that 9T F I', in
particular 9 ¥ Va ¢ (x). We have to show that I'U{F ¢(a)} is satisfiable.
To do this, we define a suitable 9 as follows.

By 7?7, M ¥ Vaop(x) iff for some s, M, s ¥ (x). Now let MM’ be just like
M, except a™ = s(x). By ??, for any Ty € I', M £ x, and for any
Fxel, M Ex, since a does not occur in I
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By 77, M, s ¥ p(x). By 727, M, s ¥ ¢(a). Since ¢(a) is a sentenca, by
7?7, M E ¢(a), O.s., M’ satisfies F o(a).

8. The branch is expanded by applying 3T to T3z (z) € I': Exercise.
9. The branch is expanded by applying 3F to F 3z ¢ (z) € I': Exercise.
Now let’s consider the possible inferences that result in a split branch.

1. The branch is expanded by applying AF to F¢ A x € I', which results in
two branches, a left one continuing through F ¢ and a right one through
F x. Suppose 9t E I', in particular 9 ¥ ¢ A x. Then 9 ¥ ¢ or M ¥ x.
In the former case, 901 satisfies F 1, O.s., 9 satisfies the formulas on the
left branch. In the latter, 9 satisfies F x, O.s., 2N satisfies the formulas
on the right branch.

2. The branch is expanded by applying VT to T V x € I': Exercise.
3. The branch is expanded by applying —T to Ty — x € I': Exercise.

4. The branch is expanded by Cut: This results in two branches, one con-
taining T, the other containing F ¢. Since 91 F I" and either 9 F ¢ or
M ¥ op, M satisfies either the left or the right branch. O

Problema tab.8. Complete the proof of Teorema tab.28.
Corolario tab.29. IfF ¢ then ¢ is valid.

Corolario tab.30. If 't ¢ then I' E .

Prova. If I' b ¢ then for some ¢, ..., ¥, € I', {Fp,Te,...,Te),} has a
closed tableau. By Teorema tab.28, every estrutura 9t either makes some 1;
false or makes ¢ true. Hence, if 9 F I" then also 9 F . O

Corolario tab.31. If I' is satisfiable, then it is consistent.

Prova. We prove the contrapositive. Suppose that I" is not consistent. Then
there are 1, ..., ¥, € I' and a closed tableau for {T1,...,T,}. By Teo-

rema tab.28, there is no 9 such that MM E; for alli =1, ..., n. But then I
is not satisfiable. O
-NoValue-

tab.12 Tableaux with Predicado de identidade

Tableaux with predicado de identidade require additional inference rules. The
rules for = are (¢, ¢1, and ¢y are closed terms):
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Tty =to Tty =t
Tt=t Tp(t) Fo(t1)

Te(t2) F o(t2)

Note that in contrast to all the other rules, =T and =F require that two
signed férmulas already appear on the branch, namely both Tt¢; = ¢ and

So(ty).
Exemplo tab.32. If s and ¢ are closed terms, then s = ¢, ¢(s) F ¢(t):

1. Fo(t) Assumption
2. Ts=t Assumption
3. Tp(s) Assumption
4. Te(t)  =T2,3

X

This may be familiar as the principle of substitutability of identicals, or Leibniz’
Law.
Tableaux prove that = is symmetric, O.s., that s; = so F s9 = s71:

1. F sy = s1 Assumption
2. Tsy = so Assumption
3. TSl = 51 =
4. TSQ = 51 =T 2, 3

®

Here, line 2 is the first prerequisite formula Ts; = so of =T. Line 3 is the
second one, of the form T ¢(sq)—think of p(z) as © = s1, then p(s1) is s1 = 1
and ¢(sg) is so = s1.

They also prove that = is transitive, O.s., that s; = s5, 85 = s3 F 51 = s3:

1. Fs; =s3 Assumption
2. Tsy =59 Assumption
3. T sy = s3 Assumption
4. TSl = 83 =T 3, 2

®

In this tableau, the first prerequisite férmula of =T is line 3, Tsy = s3 (s2
plays the role of 1, and s3 the role of t2). The second prerequisite, of the
form T(s2) is line 2. Here, think of ¢(x) as s = z; that makes ¢(s2) into
t1 =tz (O.s., line 2) and ¢(s3) into the férmula s; = s3 in the conclusion.

Problema tab.9. Give closed tableaux for the following:

L FVzVy ((z =y Ap(x) = 0(y))
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2. F3z (p(x) AVy (o(y) =y = x)),
T3z p(z) AVyVz ((0(y) A () =y = 2)

-NoValue-

tab.13 Soundness with Predicado de identidade

fol:tab:sid:
sec

Proposigao tab.33. Tableauxr with rules for identity are sound: no closed
tableau is satisfiable.

Prova. We just have to show as before that if a tableau has a satisfiable branch,
the branch resulting from applying one of the rules for = to it is also satisfiable.
Let I" be the set of signed féormulas on the branch, and let 9 be a estrutura
satisfying I.

Suppose the branch is expanded using =, O.s., by adding the signed férmula Tt =
t. Trivially, MM E t = ¢, so M also satisfies I' U {Tt = ¢}.

If the branch is expanded using =T, we add a signed férmula S p(t2), but
I' contains both Tt; = t3 and Te(t1). Thus we have MM E ¢, = ¢ty and
M E (t1). Let s be a variable assignment with s(z) = Val™(t;). By ?72,
M, s E @(t1). Since s ~; s, by 7?7, M, s E @(x). since M E t; = to, we have
Val™(t;) = Val™(t5), and hence s(z) = Val™(t5). By applying ?? again, we
also have M, s F p(t2). By 7?7, M E ¢(t2). The case of =F is treated similarly.l]
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