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siz.1 Enumerations and Enumerable Sets

This section discusses enumerations of sets, defining them as surjec-
tions from ZT. It does things slowly, for readers with little mathematical
background. An alternative, terser version is given in ?7, which defines
enumerations differently: as bijections with N (or an initial segment).

Definition siz.1 (Enumeration, informally). Informally, an enumeration
of a set A is a list (possibly infinite) of elements of A such that every element
of A appears on the list at some finite position. If A has an enumeration, then
A is said to be enumerable.

A couple of points about enumerations:

1. We count as enumerations only lists which have a beginning and in which
every element other than the first has a single element immediately pre-
ceding it. In other words, there are only finitely many elements between
the first element of the list and any other element. In particular, this
means that every element of an enumeration has a finite position: the

first element has position 1, the second position 2, etc.

2. We can have different enumerations of the same set A which differ by the
order in which the elements appear: 4, 1, 25, 16, 9 enumerates the (set

of the) first five square numbers just as well as 1, 4, 9, 16, 25 does.

3. Redundant enumerations are still enumerations: 1, 1, 2, 2, 3, 3, ... enu-

merates the same set as 1, 2, 3, ... does.

4. Order and redundancy do matter when we specify an enumeration: we
can enumerate the positive integers beginning with 1, 2, 3, 1, ..., but
the pattern is easier to see when enumerated in the standard way as 1,

2,3, 4, ...

5. Enumerations must have a beginning: ..., 3, 2, 1 is not an enumeration
of the positive integers because it has no first element. To see how this
follows from the informal definition, ask yourself, “at what position in

the list does the number 76 appear?”

6. The following is not an enumeration of the positive integers: 1, 3, 5, ...,
2,4, 6, ... The problem is that the even numbers occur at places oo + 1,

oo + 2, 0o + 3, rather than at finite positions.
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explanation

7. The empty set is enumerable: it is enumerated by the empty list!

Proposition siz.2. If A has an enumeration, it has an enumeration without
repetitions.

Proof. Suppose A has an enumeration x1, x2, ... in which each x; is an element
of A. We can remove repetitions from an enumeration by removing repeated
elements. For instance, we can turn the enumeration into a new one in which
we list x; if it is an element of A that is not among z1, ..., x;_1 or remove z;
from the list if it already appears among x1, ..., ;_1. O

The last argument shows that in order to get a good handle on enumerations
and enumerable sets and to prove things about them, we need a more precise
definition. The following provides it.

Definition siz.3 (Enumeration, formally). An enumeration of a set A # ()
is any surjective function f: Z+t — A.

Let’s convince ourselves that the formal definition and the informal defini-
tion using a possibly infinite list are equivalent. First, any surjective function
from Z* to a set A enumerates A. Such a function determines an enumeration
as defined informally above: the list f(1), f(2), f(3), .... Since f is surjective,
every element of A is guaranteed to be the value of f(n) for some n € Z*.
Hence, every element of A appears at some finite position in the list. Since the
function may not be injective, the list may be redundant, but that is acceptable
(as noted above).

On the other hand, given a list that enumerates all elements of A, we can
define a surjective function f: ZT — A by letting f(n) be the nth element of
the list, or the final element of the list if there is no nth element. The only
case where this does not produce a surjective function is when A is empty,
and hence the list is empty. So, every non-empty list determines a surjective
function f: Z*t — A.

Definition siz.4. A set A is enumerable iff it is empty or has an enumeration.

Example siz.5. A function enumerating the positive integers (Z*) is simply
the identity function given by f(n) = n. A function enumerating the natural
numbers N is the function g(n) =n — 1.

Example siz.6. The functions f: ZT — Z* and g: Z* — Z™T given by

f(n) =2n and
gn)=2n-1

enumerate the even positive integers and the odd positive integers, respectively.
However, neither function is an enumeration of Z*, since neither is surjective.

Problem siz.1. Define an enumeration of the positive squares 1, 4, 9, 16, ...
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Example siz.7. The function f(n) = (—1)”[("2;1)] (where [z] denotes the
ceiling function, which rounds = up to the nearest integer) enumerates the set
of integers Z. Notice how f generates the values of Z by “hopping” back and

forth between positive and negative integers:

fO) 2 fB3) @) f6) f(6) f(7)
=31 31 =031 131 -I31 131 -[3]
0 1 -1 2 -2 3

You can also think of f as defined by cases as follows:

0 ifn=1
n/2
—(n—1)/2

Problem siz.2. Show that if A and B are enumerable, so is A U B. To do
this, suppose there are surjective functions f: ZT — A and ¢g: Z* — B, and
define a surjective function h: ZT — AUB and prove that it is surjective. Also
consider the cases where A or B = ().

if n is even
if nis odd and > 1

f(n) =

Problem siz.3. Show that if B C A and A is enumerable, so is B. To do
this, suppose there is a surjective function f: ZT — A. Define a surjective
function g: Z* — B and prove that it is surjective. What happens if B = (7

Problem siz.4. Show by induction on n that if Ay, As, ..., A, are all enu-
merable, sois A1 U---UA,. You may assume the fact that if two sets A and B
are enumerable, so is AU B.

Although it is perhaps more natural when listing the elements of a set to
start counting from the 1st element, mathematicians like to use the natural
numbers N for counting things. They talk about the Oth, 1st, 2nd, and so on,
elements of a list. Correspondingly, we can define an enumeration as a surjec-
tive function from N to A. Of course, the two definitions are equivalent.

Proposition siz.8. There is a surjection f: Z+ — A iff there is a surjection
g: N— A

Proof. Given a surjection f:ZT — A, we can define g(n) = f(n + 1) for
all n € N. It is easy to see that g: N — A is surjective. Conversely, given
a surjection g: N — A, define f(n) = g(n —1). O

This gives us the following result:

Corollary siz.9. A set A is enumerable iff it is empty or there is a surjective
function f: N — A.
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We discussed above that a list of elements of a set A can be turned into a
list without repetitions. This is also true for enumerations, but a bit harder to
formulate and prove rigorously. Any function f: Z* — A must be defined for
all n € Z*. If there are only finitely many elements in A then we clearly cannot
have a function defined on the infinitely many elements of Z1 that takes as
values all the elements of A but never takes the same value twice. In that case,
i.e., in the case where the list without repetitions is finite, we must choose
a different domain for f, one with only finitely many elements. Not having
repetitions means that f must be injective. Since it is also surjective, we are
looking for a bijection between some finite set {1,...,n} or Z* and A.

Proposition siz.10. If f: ZT — A is surjective (i.e., an enumeration of A),
there is a bijection g: Z — A where Z is either Z or {1,...,n} for some n €
Zr.

Proof. We define the function g recursively: Let g(1) = f(1). If g(¢) has already
been defined, let g(i+1) be the first value of f(1), f(2), ... not already among
g(1), ..., g(i), if there is one. If A has just n elements, then g(1), ..., g(n)
are all defined, and so we have defined a function g: {1,...,n} — A. If A has
infinitely many elements, then for any ¢ there must be an element of A in the
enumeration f(1), f(2), ..., which is not already among g(1), ..., g(¢). In this
case we have defined a function g: ZT — A.

The function g is surjective, since any element of A is among f(1), f(2), ...
(since f is surjective) and so will eventually be a value of g(¢) for some 7. It is
also injective, since if there were j < i such that g(j) = g(4), then ¢(i) would
already be among ¢(1), ..., g(¢ — 1), contrary to how we defined g. O

Corollary siz.11. A set A is enumerable iff it is empty or there is a bijection
f+ N — A where either N =N or N ={0,...,n} for somen € N.

Proof. A is enumerable iff A is empty or there is a surjective f: ZT — A. By
Proposition siz.10, the latter holds iff there is a bijective function f: Z — A

where Z = Z* or Z = {1,...,n} for some n € Z*. By the same argument as
in the proof of Proposition siz.8, that in turn is the case iff there is a bijection
g: N — A where either N=Nor N ={0,...,n—1}. O

Problem siz.5. According to Definition siz.4, a set A is enumerable iff A = ()
or there is a surjective f: ZT — A. It is also possible to define “enumerable set”
precisely by: a set is enumerable iff there is an injective function g: A — Z7T.
Show that the definitions are equivalent, i.e., show that there is an injective
function g: A — Z7T iff either A = () or there is a surjective f: ZT — A.
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