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Chapter udf

Axiomatic Derivations

axs.l Introduction

We have a semantics for the basic modal language in terms of modal models,
and a notion of a formula being valid—true at all worlds in all models—or valid
with respect to some class of models or frames—true at all worlds in all models
in the class, or based on the frame. Logic usually connects such semantic
characterizations of validity with a proof-theoretic notion of derivability. The
aim is to define a notion of derivability in some system such that a formula is
derivable iff it is valid.

The simplest and historically oldest derivation systems are so-called Hilbert-
type or axiomatic derivation systems. Hilbert-type derivation systems for many
modal logics are relatively easy to construct: they are simple as objects of
metatheoretical study (e.g., to prove soundness and completeness). However,
they are much harder to use to prove formulas in than, say, natural deduction
systems.

In Hilbert-type derivation systems, a derivation of a formula is a sequence
of formulas leading from certain axioms, via a handful of inference rules, to
the formula in question. Since we want the derivation system to match the
semantics, we have to guarantee that the set of derivable formulas are true
in all models (or true in all models in which all axioms are true). We’ll first
isolate some properties of modal logics that are necessary for this to work: the
“normal” modal logics. For normal modal logics, there are only two inference
rules that need to be assumed: modus ponens and necessitation. As axioms we
take all (substitution instances) of tautologies, and, depending on the modal
logic we deal with, a number of modal axioms. Even if we are just interested
in the class of all models, we must also count all substitution instances of K
and Dual as axioms. This alone generates the minimal normal modal logic K.

Definition axs.1. The rule of modus ponens is the inference schema
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We say a formula v follows from formulas ¢, x by modus ponens iff x = ¢ — 1.

Definition axs.2. The rule of necessitation is the inference schema

@
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NEC

We say the formula v follows from the formulas ¢ by necessitation iff ¢ = Oep.

Definition axs.3. A derivation from a set of axioms X' is a sequence of for-
mulas ¥, ¥, ..., P,, where each 1); is either

1. a substitution instance of a tautology, or

2. a substitution instance of a formula in X, or

3. follows from two formulas %;, ¥ with j, k < ¢ by modus ponens, or
4. follows from a formula 1; with j < ¢ by necessitation.

If there is such a derivation with 1, = ¢, we say that ¢ is derivable from X,
in symbols X' I .

With this definition, it will turn out that the set of derivable formulas forms
a normal modal logic, and that any derivable formula is true in every model
in which every axiom is true. This property of derivations is called soundness.
The converse, completeness, is harder to prove.

prf.2 Normal Modal Logics

Not every set of modal formulas can easily be characterized as those formulas nmi:prfnor:
derivable from a set of axioms. We want modal logics to be well-behaved. First **

of all, everything we can derive in classical propositional logic should still be
derivable, of course taking into account that the formulas may now contain also

[0 and ¢. To this end, we require that a modal logic contain all tautological

instances and be closed under modus ponens.

Definition prf.4. A modal logic is a set X of modal formulas which
1. contains all tautologies, and

2. is closed under substitution, i.e., if ¢ € X, and 64, ..., 6, are formulas,
then

90[91/])1,,9”/])71] S Ea
3. is closed under modus ponens, i.e., if p and p — ¥ € X, then ¢ € X.
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In order to use the relational semantics for modal logics, we also have to
require that all formulas valid in all modal models are included. It turns
out that this requirement is met as soon as all instances of K and DUAL are
derivable, and whenever a formula ¢ is derivable, so is (y. A modal logic that
satisfies these conditions is called normal. (Of course, there are also non-normal
modal logics, but the usual relational models are not adequate for them.)

Definition prf.5. A modal logic X' is normal if it contains
O(p — q) = (Hp— Og), (K)
Op <> —O-p (DUAL)

and is closed under necessitation, i.e., if ¢ € X, then Op € X.

Observe that while tautological implication is “fine-grained” enough to pre-
serve truth at a world, the rule NEC only preserves truth in a model (and hence
also validity in a frame or in a class of frames).

Proposition prf.6. Fvery normal modal logic is closed under rule RK,

1= (p2 = (Pn—1 = pn) )
Op1 = (Opz = - (Opp—1 — Opp) -+ +).

RK

Proof. By induction on n: If n = 1, then the rule is just NEC, and every normal
modal logic is closed under NEC.

Now suppose the result holds for n — 1; we show it holds for n.

Assume

p1 (2= (Pn1 = n) 0 ) €X
By the induction hypothesis, we have
Op1r = (Opz = - O(pn-1 = ¢n) ) €X
Since X' is a normal modal logic, it contains all instances of K, in particular
O(n-1— ¢n) = (Opn_1 —0p,) € X
Using modus ponens and suitable tautological instances we get
Op; — (Opa — -+ (Opp—1 = Opp)---) € X. O
Proposition prf.7. Every normal modal logic X contains ~Q_L.

Problem prf.1. Prove Proposition prf.7.

Proposition prf.8. Let p1, ..., @, be formulas. Then there is a smallest
modal logic X containing all instances of 1, ..., pn.
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Proof. Given ¢1, ..., ¢y, define X as the intersection of all normal modal

logics containing all instances of @1, ..., ¢,. The intersection is non-empty as
Frm(L), the set of all formulas, is such a modal logic. O
Definition prf.9. The smallest normal modal logic containing 1, ..., @, is

called a modal system and denoted by K¢; ... ¢,. The smallest normal modal
logic is denoted by K.

prf.3 Derivations and Modal Systems

We first define what a derivation is for normal modal logics. Roughly, a deriva-
tion is a sequence of formulas in which every element is either (a substitution
instance of) one of a number of azioms, or follows from previous elements by
one of a few inference rules. For normal modal logics, all instances of tau-
tologies, K, and DUAL count as axioms. This results in the modal system K,
the smallest normal modal logic. We may wish to add additional axioms to
obtain other systems, however. The rules are always modus ponens MP and
necessitation NEC.

Definition prf.10. Given a modal system Ky ..., and a formula i) we say
that ¢ is derivable in Kes ... @, written Ko ..., F 19, if and only if there
are formulas x1, ..., X% such that x, =1 and each y; is either a tautological
instance, or an instance of one of K, DUAL, @1, ..., ©,, or it follows from
previous formulas by means of the rules MP or NEC.

The following proposition allows us to show that ¢ € X by exhibiting a
X-proof of 1.

Proposition prf.11. Ko ...0, = {0 : K1 ...on -9}

nml:prf:prf:
sec

Proof. We use induction on the length of derivations to show that {¢) : Kp1 ..., F

Y C Ko on.

If the derivation of ¢ has length 1, it contains a single formula. That formula
cannot follow from previous formulas by MP or NEC, so must be a tautological
instance, an instance of K, DUAL, or an instance of one of o1, ..., ¢,. But
K1 ..., contains these as well, so ¢ € Kyi ... p,.

If the derivation of ¢ has length > 1, then ¢ may in addition be obtained
by MP or NEC from formulas not occurring as the last line in the derivation.
If ¢ follows from x and x — ¢ (by MP), then x and x = ¢ € Ko; ..., by
induction hypothesis. But every modal logic is closed under modus ponens, so
P € Koy ...p,. If v = Oy follows from x by NEC, then x € Kyi ..., by
induction hypothesis. But every normal modal logic is closed under NEC, so
Y eKpr...on.

The converse inclusion follows by showing that X = {¢ : Ky ..., F ¥}
is a normal modal logic containing all the instances of @1, ..., @,, and the
observation that Ky ..., is, by definition, the smallest such logic.
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1. Every tautology % is a tautological instance, so Ky ..., F ¥, so X
contains all tautologies.

2. fKpi...op Fxand Ke; ..., F x—1, then Koy ... @, F ¢: Combine
the derivation of x with that of xy — ¢, and add the line . The last line
is justified by MP. So X is closed under modus ponens.

3. If ¥ has a derivation, then every substitution instance of v also has a
derivation: apply the substitution to every formula in the derivation.
(Exercise: prove by induction on the length of derivations that the result
is also a correct derivation). So X' is closed under uniform substitution.
(We have now established that X' satisfies all conditions of a modal logic.)

4. We have Ky1 ... ¢, F K, so K € Y.
5. We have Ky ... ¢, F DUAL, so DUAL € X

6. If Kyy...p, F x, the additional line [y is justified by NEC. Conse-
quently, X is closed under NEC. Thus, X' is normal. O

prf.4 Proofs in K

nmlprf:prk: In order to practice proofs in the smallest modal system, we show the valid

sec

formulas on the left-hand side of 7?7 can all be given K-proofs.

Proposition prf.12. K+ Op — O — ¢)

Proof.

L o=@ TAUT

2. Olp— =) NEC, 1

3. Ole—= (=)= (0e—=0w—=¢) K

4. Op—0@1 — ¢) MP, 2, 3 O

Proposition prf.13. K+ O(p A¢) = (Op AOy)

Proof.
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(pAY) =

D((e A1) = @)
O((p A) = @) =
O(p A9) — O
(e ANY) =
O((eAy) =)
O((p Ap) =) —
O(p Ay) — T

© XN O W=

(O(e A1) = D)

O A y) = 0y)

O(p AY) = Op) =

(O(p Ay) = Opp) —

(O Ay) = (B ADY)))
10. (O(eAY)—Ov) —

(O Ag) = (O ADY))
11. O(eAvY)— (Op AOy)

TAUT
NEC

K
MP, 2, 3
TAUT
NEC

MP, 6, 7

TAUT

MP, 4,9
MP, 8, 10.

Note that the formula on line 9 is an instance of the tautology

p—=a) = ((p—=r)= (= (gAT))). O
Proposition prf.14. K+ (Op A Oy) — O(e A2)
Proof.
L o= @—=(pny)) TAUT
2. Olp— W= (pAY))) NEC, 1
3. =W —=(eAy)) = Oe =00 = (¢AY))) K
4. Op =0 — (e AY)) MP, 2, 3
5. O = (pAy)) = (Ov = D(p Ay)) K
6. (Hp—=0—=(pAY)))—
@@ = (e AY)) = (Oy = O(e A9))) =
(Op — (Ov — O(p Av)))) TAUT
7. (@AW= (pAY) = (O =Dl Av))) —
(Op — (B¢ = O(e A ) MP, 4, 6
8. Hp— (O¢—-0(p A1) MP, 5, 7
9. (Be— (Ov=>O(pAy)))) —
(O AOy) = O(e A)) TAUT
10. (OpAQOy) —O(p A) MP, 8, 9
The formulas on lines 6 and 9 are instances of the tautologies
p—=a)=((ag=r)=(@—r))
(p—=(g—=r) = ((pAg) =) O

Proposition prf.15. K+ —-Op — O—p

Proof.
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1. O—p+-0O-—p DUAL
2. (O=p e -O-p)—
(-0--p — O—p) TAUT
3. -O--p—>93C-p MP, 1, 2
4. ——p—p TAUT
5. O(——-p—p) NEC, 4
6. O(=—p—p)— (O-—-p—0Op) K
7. (O-—-p—Op) MP, 5, 6
8. (O-—p—UOp)— (-0p — -0O-—p) TAUT
9. -Up—-0O-—p MP, 7, 8
10.  (=Op — —O-—p) —
((=0-=p = O=p) = (-0p = O=p))  TAUT
11.  (=0--p— O—p) — (-Op — O—p) MP, 9, 10
12. -Op—0—p MP, 3, 11

The formulas on lines 8 and 10 are instances of the tautologies

(p—4q) = (=g — —p)
(r—=q) = ((g=71)=(—1)). O

Problem prf.2. Find derivations in K for the following formulas:
1. O-p—=0O(p—q)
2. (OpvOqg)—DO(pVa)

3. Op—0(pVaq)

prf.5 Derived Rules

nml:prider: Finding and writing derivations is obviously difficult, cumbersome, and repet-
**® itive. For instance, very often we want to pass from ¢ — 1 to Oy — [, i.e.,
apply rule RK. That requires an application of NEC, then recording the proper
instance of K, then applying MP. Passing from ¢ — ¢ and ¢ — x to ¢ — x
requires recording the (long) tautological instance

(=)= (¥ —=x)—= (¢ —=x))

and applying MP twice. Often we want to replace a sub-formula by a formula
we know to be equivalent, e.g., Q¢ by —[—y, or =—¢ by ¢. So rather than
write out the actual derivation, it is more convenient to simply record why the
intermediate steps are derivable. For this purpose, let us collect some facts
about derivability.

Proposition prf.16. If K - ¢y, ..., K F ¢,, and ¢ follows from 1, ...,
wn by propositional logic, then K F 1.
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Proof. If 9 follows from ¢, ..., @, by propositional logic, then
1= (2= (pn = 1))
is a tautological instance. Applying MP n times gives a derivation of . O

We will indicate use of this proposition by PL.

Proposition prf.17. If K+ ¢1— (2= (Pn—1—>9n)...) then K+ Op; —
(Ops = - (Oprp-1 = 0O¢pyp)...).

Proof. By induction on n, just as in the proof of Proposition prf.6. O

We will indicate use of this proposition by RK. Let’s illustrate how these
results help establishing derivability results more easily.

Proposition prf.18. K+ (Op A Ov) — O(e A )

Proof.

1. KFo—=(W— (A1) TAUT

2. KFOp— (Oyp—-0(@Avy))) RK,1

3. KF(@OpAOy) —-DO(pAy) PL, 2 O

Proposition prf.19. If K+ o+ ¢ and K+ x[p/q] then K F x[B/q]
Proof. Exercise. O

Problem prf.3. Prove Proposition prf.19 by proving, by induction on the
complexity of x, that if K F ¢ < ¢ then K F x[p/q] < x[v/q].

This proposition comes in handy especially when we want to convert ¢
into O (or vice versa), or remove double negations inside a formula. In what
follows, we will mark applications of Proposition prf.19 by “¢ for ¢)” whenever
we re-write a formula x (1) for x(¢). In other words, “p for ¢” abbreviates:

Fx(e)

Foe

F x(v) by Proposition prf.19
For instance:

Proposition prf.20. K+ -Op— 0—p

Proof.

1. KFO—p«+ -O-—-p DUAL
2. KF ﬁDﬁﬁp — Qﬁp PL, 1
3. KF-Op—0-p p for =—p O
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In the above derivation, the final step “p for —=—p” is short for

K+ —||:|—|ﬂp — <>—|p
KF—-—p+p TAUT
KF-Op— O-p by Proposition prf.19

The roles of x(q), ¢, and v in Proposition prf.19 are played here, respectively,
by -Og — ¢—p, =—p, and p.

When a formula contains a sub-formula =0y, we can replace it by C—p
using Proposition prf.19, since K F =0 <> O-p. We'll indicate this and
similar replacements simply by “0- for =¢.”

The following proposition justifies that we can establish derivability results
schematically. E.g., the previous proposition does not just establish that K +
—Op — O—p, but K + -0y — - for arbitrary .

Proposition prf.21. If ¢ is a substitution instance of ¥ and K F 1, then
KF .

Proof. Tt is tedious but routine to verify (by induction on the length of the
derivation of ) that applying a substitution to an entire derivation also re-
sults in a correct derivation. Specifically, substitution instances of tautolog-
ical instances are themselves tautological instances, substitution instances of
instances of DUAL and K are themselves instances of DUAL and K, and appli-
cations of MP and NEC remain correct when substituting formulas for proposi-
tional variables in both premise(s) and conclusion. O

prf.6 More Proofs in K

Let’s see some more examples of derivability in K, now using the simplified
method introduced in section prf.5.

Proposition prf.22. K+ O(p = ¢) = (Op — OY)

Proof.

1. KF(p—=¢)— (—¢— ) PL

2. KFOw—=1v)— (O — O-) RK, 1

3. Kk (O —0O-p)— (-0-¢ —-0-) TAUT

4. Kk (O —0O-¢) — (-0-¢p - -0-) PL, 2,3

5. KFO(@—=1v) = (Op — 0v) ¢ for =O-. O

Proposition prf.23. K+ Op — (O(p = ¢) — 0v)

Proof.

1. Kktp—(—¢—=-=(p—=1)) TAUT

2. KFOp— (0% —0O(p— 1)) RK, 1

3. KFOp— (-0O0-(p—v)—-0) PL,2

4. KFOp—= (O(p = v) = OY) ¢ for = O
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Proposition prf.24. K+ (Op VvV Ov) = O(p V ¢)

Proof.

1. KF-a(pVey)—-p TAUT

2. KFEO(eVy)—O-p RK, 1

3. Kk -O-p—-0O-(pVey) PL,2

4. KEOp—0(p V) O for =0O—

5. KFEOyY = O(p V) similarly

6. KF (OpVOoy)—=0(pwVy) PL,4,b5. O

Proposition prf.25. K+ O(p V) = (Op V O9)

Proof.

1. KF-¢—=(——-(oV) TAUT

2. KFO-¢p— (0% —0O-(p V) RK

3. KFO-p— (-0-(e V) — -O)) PL, 2

4. KF-O-(oVy)—= (O-p— -0 PL, 3

5. KF ﬁDﬁ(gD V ’(/J) — (ﬁﬁDﬁ’(/} — -O-¢) PL, 4

6. KFEO(pVy)—=(=0¢—0p) ¢ for =0~

7. KEO(pVY) = (0YVOp) PL, 6. O

Problem prf.4. Show that the following derivability claims hold:
L KF oL — (Op — Op);
2. KFO(@VY) = (Op V),
3. KF (Op—0Oy) = 0O(p — ).

prf.7 Dual Formulas

Definition prf.26. Each of the formulas T, B, 4, and 5 has a dual, denoted
by a subscripted diamond, as follows:

p—Op (To)
O0p—p (Bo)
OOp — Op (40)
O0p — Op (5¢)

Each of the above dual formulas is obtained from the corresponding formula
by substituting —p for p, contraposing, replacing —[0— by ¢, and replacing —={—
by O. D, i.e., Oy — Oy is its own dual in that sense.

Problem prf.5. Show that for each formula ¢ in Definition prf.26: Kt ¢ <
po-
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prf.8 Proofs in Modal Systems

nmlprf:prs: - We Iow come to proofs in systems of modal logic other than K.

sec

nmlprfprs: Proposition prf.27. The following provability results obtain:

prop:Ssfacts

nml:prf:prs:
prop:Ssfacts-KT-D

1.

KT5 - B;

. KT5+ 4;

. KDB4F T;

2
3
4.
5
6

KB4+ 5;

. KB5 - 4;
. KT+ D.

Proof. We exhibit proofs for each.

1.

2.

KT5F B:

1. KT5FOQp—=00p 5
2. KTs5F¢p—0p Ty

3. KT5F p—0O0p PL.

KT5 + 4:

KT5 F O0p — OO0
KT5 FOp — O
KT5 F Qe — O00p
KT5F OOy — Oy
KT5 - O00p — OOy
KT5F Op — OO

SOt N

KDB4 - T:

KDB4 F 00y — ¢
KDB4 F OOy — 00
KDB4 + 00y — ¢
KDB4 + Oy — O
KDB4 F Oy — ¢

G o =

KB4 - 5:

KB4+ QOp — O00¢
KB4 - 00 — Op
KB4 - O00p — Oy
KB4+ QOp — OO

W N

5 with O for p
T with Oy for p
PL, 1, 2

5¢

RK, 4

PL, 3, 5.

Bo

D with Oy for p
PL1, 2

4

PL, 1, 4.

B with Q¢ for p
4o

RK, 2

PL, 1, 3.
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5. KB5 |- 4:

1. KB5F Op — O00p B with Oy for p
2. KB5F OOp — O 5o
3. KB5+-OO0Up —0O0p RK, 2
4. KB5F Op — O0p pL, 1, 3.
6. KT I D:

1. KTFOp— T
2. KTFp—0p Ty
3. KTFOp—=0p PL1,2 O

Definition prf.28. Following tradition, we define S4 to be the system KT4,
and S5 the system KTBA4.

The following proposition shows that the classical system S5 has several
equivalent axiomatizations. This should not surprise, as the various combina-
tions of axioms all characterize equivalence relations (see 77).

Proposition prf.29. KTB4 = KT5 = KDB4 = KDB5.
Proof. Exercise. O

Problem prf.6. Prove Proposition prf.29.

prf.9 Soundness

A derivation system is called sound if everything that can be derived is valid.
When considering modal systems, i.e., derivations where in addition to K we
can use instances of some formulas ¢1, . .., ¢,, we want every derivable formula
to be true in any model in which ¢y, ..., ¢, are true.

Theorem prf.30 (Soundness Theorem). If every instance of p1, ..., vn
is valid in the classes of models C1, ..., C,, respectively, then Koy ..., F 9
implies that ¢ is valid in the class of models Cy N ---NCy.

Proof. By induction on length of proofs. For brevity, put C =C, N---NC,.

1. Induction Basis: If ¥ has a proof of length 1, then it is either a tautological
instance, an instance of K, or of DUAL, or an instance of one of 1, ..., ©,.
In the first case, v is valid in C, since tautological instance are valid in
any class of models, by ??7. Similarly in the second case, by 7?7 and 77.
Finally in the third case, since v is valid in C; and C C C;, we have that
1 is valid in C as well.
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2. Inductive step: Suppose ¥ has a proof of length k£ > 1. If ¥ is a tauto-
logical instance or an instance of one of 1, ..., ¢,, we proceed as in the
previous step. So suppose v is obtained by MP from previous formulas
x — ¥ and x. Then y — ¥ and x have proofs of length < k, and by
inductive hypothesis they are valid in C. By 7?7, v is valid in C as well.
Finally suppose % is obtained by NEC from x (so that ¢ = Ox). By
inductive hypothesis, y is valid in C, and by 7?7 so is . O

prf.10 Showing Systems are Distinct

In section prf.8 we saw how to prove that two systems of modal logic are in fact
the same system. Theorem prf.30 allows us to show that two modal systems
XY and X' are distinct, by finding a formula ¢ such that X’ I ¢ that fails in a
model of X

Proposition prf.31. KD C KT

Proof. This is the syntactic counterpart to the semantic fact that all reflexive
relations are serial. To show KD C KT we need to see that KD F 1 implies
KT F 4, which follows from KT F D, as shown in Proposition prf.27(6). To
show that the inclusion is proper, by Soundness (Theorem prf.30), it suffices
to exhibit a model of KD where T, i.e., Op — p, fails (an easy task left as an
exercise), for then by Soundness KD ¥ Cp — p. O

Proposition prf.32. KB # K4.

Proof. We construct a symmetric model where some instance of 4 fails; since
obviously the instance is derivable for K4 but not in KB, it will follow K4 ¢
KB. Consider the symmetric model 9t of Figure prf.1. Since the model is
symmetric, K and B are true in 9t (by ?? and ?7, respectively). However,

M, wy ¥ Op — O0p. O
-p p
X
.
- Op ¥ Op
¥ OOp

Figure prf.1: A symmetric model falsifying an instance of 4.

Theorem prf.33. KTB ¥ 4 and KTB ¥ 5.

Proof. By 7?7 we know that all instances of T and B are true in every reflexive
symmetric model (respectively). So by soundness, it suffices to find a reflexive
symmetric model containing a world at which some instance of 4 fails, and sim-
ilarly for 5. We use the same model for both claims. Consider the symmetric,
reflexive model in Figure prf.2. Then 9, w; ¥ Op — OOp, so 4 fails at w;.
Similarly, 9%, we ¥ O—p—O—p, so the instance of 5 with ¢ = —p fails at wy.[0
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O/\O/_\
(@l el X

I+ Op = o-p
¥ Odp ¥ OO—p
¥ O-p

Figure prf.2: The model for Theorem prf.33.

()
o
@@@@f)

N

-p
I Op, ¥ O0p

Figure prf.3: The model for Theorem prf.34.

Theorem prf.34. KD5 # KT4 = S4.

Proof. By 7?7 we know that all instances of D and 5 are true in all serial
euclidean models. So it suffices to find a serial euclidean model containing a
world at which some instance of 4 fails. Consider the model of Figure prf.3,
and notice that 9%, wy ¥ Op — O0p. O

Problem prf.7. Give an alternative proof of Theorem prf.34 using a model
with 3 worlds.

Problem prf.8. Provide a single reflexive transitive model showing that both
KT4 ¥ B and KT4 ¥ 5.

prf.11  Derivability from a Set of Formulas

In section prf.8 we defined a notion of provability of a formula in a system X.
We now extend this notion to provability in X' from formulas in a set I
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Definition prf.35. A formula ¢ is derivable in a system X from a set of
formulas I', written I' k5 ¢ if and only if there are 1, ..., ¥, € I" such that

XEayr = (o= (Y= @) ---).

prf.12 Properties of Derivability

Proposition prf.36. Let Y be a modal system and I a set of modal formulas.
The following properties hold:

1. Monotony: If I'Fx ¢ and I' C A then AFx p;

2. Reflexivity: If p € I" then I' Fx ;

3. Cut: If 'ty ¢ and AU{p} Fx o then T'UAbFx 4;

4. Deduction theorem: I'U {¢} Fx ¢ if and only if I' Fx ¢ — @;
5

.Tkx o and...and I' Fx ¢ and o1 — (2 — - (on — ) --+) is a
tautological instance, then I' 5 1.

The proof is an easy exercise. Part (5) of Proposition prf.36 gives us that,
for instance, if I' Fx ¢ V4 and I' Fx =, then I' Fx 1. Also, in what follows,
we write I, p Fx 1 instead of I' U {p} Fx 9.

Definition prf.37. A set I is deductively closed relatively to a system X if
and only if I' 5 ¢ implies ¢ € I'.

prf.13 Consistency

Consistency is an important property of sets of formulas. A set of formulas is
inconsistent if a contradiction, such as L, is derivable from it; and otherwise
consistent. If a set is inconsistent, its formulas cannot all be true in a model at
a world. For the completeness theorem we prove the converse: every consistent
set is true at a world in a model, namely in the “canonical model.”

Definition prf.38. A set I is consistent relatively to a system X or, as we
will say, X-consistent, if and only if I" ¥x 1.

So for instance, the set {O(p—¢q), Op, "Oq} is consistent relatively to propo-
sitional logic, but not K-consistent. Similarly, the set {Op, O0p— ¢, 7q} is not
K5-consistent.

Proposition prf.39. Let I" be a set of formulas. Then:

1. A set I' is X -consistent if and only if there is some formula ¢ such that
FJ?‘E @Y.

2. I'kx ¢ if and only if I' U {—¢} is not X-consistent.
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3. If I' is X-consistent, then for any formula ¢, either I' U {p} is X-
consistent or I' U {—} is X-consistent.

Proof. These facts follow easily using classical propositional logic. We give the
argument for (3). Proceed contrapositively and suppose neither I" U {¢} nor
I' U{—p} is X-consistent. Then by (2), both I, Fx L and I',-p Fx L. By
the deduction theorem I' b5 ¢ — L and I' Fx —p— L. But (p— L) = ((—~p—
1) — 1) is a tautological instance, hence by Proposition prf.36(5), I' by L.O
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