syn.1 Tautological Instances

nmlisyn:tau: - A modal-free formula is a tautology if it is true under every truth-value assign- explanation
*“ ment. Clearly, every tautology is true at every world in every model. But for
formulas involving [J and ¢, the notion of tautology is not defined. Is it the
case, e.g., that (p V -Op—an instance of the principle of excluded middle—is
valid? The notion of a tautological instance helps: a formula that is a substitu-
tion instance of a (non-modal) tautology. It is not surprising, but still requires
proof, that every tautological instance is valid.

Definition syn.1. A modal formula 1 is a tautological instance if and only if
there is a modal-free tautology ¢ with propositional variables py, ..., p, and
formulas 6y, ..., 6, such that ¥ = ©[01/p1,...,0n/Pn].

nml:syn:tow: Lemma syn.2.  Suppose ¢ is a modal-free formula whose propositional vari-
lem:wvalid-taut - qphles are py, ..., pn, and let 01, ..., 0, be modal formulas. Then for any
assignment v, any model M = (W, R, V), and any w € W such thatv(p;) = T if

and only if M, w Ik 0; we have that v F ¢ if and only if M, w I+ ©[01/p1, ..., 0n/Dn].

Proof. By induction on .
1. p=1: BothoF L and MM, wh L.

2. o=T: BothovET and 9, wl- T.

3. p=p;:
oEpeo(p)=T
by definition of v F p;
< Mow -6,
by assumption
& M, w k- pilf1/p1s- - -, 0n/Pnl
since p;[01/p1, - .-, 0n/pn] = 0;.
4. p = —):

vE Y sSoFEY
by definition of v F;

< m, w W wwl/ph ey On/pn]
by induction hypothesis

< Mow - )01 /p1, ..., 00/pn)
by definition of v F.
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5. o= (Y AX):
vEFYAx<evEYand v Ey

by definition of v F

< M w kP[0 /p1, ..., 0, /pn] and

M, w I x[01/p1, ..., 0n/py]

by induction hypothesis

< Mwlk (Y Ax)01/p1,- -, 0n/Pn]
by definition of 9, w I-.

6. = (1 V):
vEFYVysovEyYorokEy
by definition of v F;
< M w kP[0 /p1,...,0n/pn] or
M, wlk x[01/p1,- -, 0n/Dn)
by induction hypothesis

S Mwle (Y VX)[01/p1,---,0n/pn]
by definition of 9%, w IF.

7. o= (Y —=x):
vEY—o>x<svEYorvEy

by definition of v F

< Mw ¥ Y[01/p1, ..., 00/ Dn] or

M, w b x[01/p1, - - -, 0n/Pnl]

by induction hypothesis

< M wlk (Y= x)|01/p15-- -, 0n/Pn)
by definition of 9%, w IF.

8. 0= W+ x):
vEY— xy SeithervFEYand vk x

or vy and v x

by definition of v F
< either M, w - Y[01/p1, ..., 0,/pn] and

M, w I x[01/p1, ..., 0n/py]

or M, w W Y[01/p1,...,0,/pn] and
M, w e x[01/p1, - -, 0n/Pr]
by induction hypothesis

S Mwl- (Y x)[01/p1s- -, 0n/Dn)
by definition of 9%, w IF.

O

tautological-instances rev: 9620cc7 (2026-07-12) by OLP / CC-BY.


https://github.com/OpenLogicProject/OpenLogic
https://github.com/OpenLogicProject/OpenLogic/commits/master
http://openlogicproject.org/
http://creativecommons.org/licenses/by/4.0/

nmi:syn-tou:  Proposition syn.3. All tautological instances are valid.
prop:valid-taut

Proof. Contrapositively, suppose ¢ is such that 9, w ¥ ¢[01/p1,...,60n/px],
for some model M and world w. Define an assignment v such that v(p;) =T
if and only if 9, w I 0; (and v assigns arbitrary values to ¢ ¢ {p1,...,pn}).
Then by Lemma syn.2, v ¥ ¢, so ¢ is not a tautology. O
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