prf.1 Proofs in K

mod:prf:prk: In order to practice proofs in the smallest modal system, we show the valid
*“ formulas on the left-hand side of ?? can all be given K-proofs.

Proposition prf.1. K+ Oy — O — ¢)

Proof.
1. o= W—y) TAUT
2. Oe—@W—9) NEC, 1
3. Ole—=W—=9) = (0e—=0@w—¢) K
4. Op =0 — ¢) MP, 2, 3
O
Proposition prf.2. K+ O(p A ) — (Op A Oy)
Proof.
1. (pAY)—o TAUT
2. OWpAY)— ) NEC
3. O(pAd) = ¢) = Oerv) »Op) K
4. O(eAy)—Op MP, 2, 3
5 (@A) = TAUT
6. O(pAY) =) NEC
7. O(eAy) =)= HleAy)—0y) K
8. HlpAy)—=0O¢ MP, 6, 7
9. (O(pAy)—DOp)—
(O A) = Oop) —
O Ay) = (B ADY))) TAUT
10. (O(eAyY)—Op) —
@O A ) = (Do ADY)) MP, 4, 9
11. O(e Ay) = (Op AOY) MP, 4, 10.
Note that the formula on line 9 is an instance of the tautology
P—=q) = ((p—=r)= (= (gAT))). O

Proposition prf.3. K+ (Op AOy) — O(p A1)

Proof.
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1. o= W—=(peNY)) TAUT
2. Q= W= (o)) NEC, 1
3. U= W= (pAY) = (Oe =00 = (pAY)) K
4. Op—=0O( = (p A1) MP, 2, 3
5. O —(pA)) = (B¢ = O(eAy)) K
6. (Op—=0@ = (pAY)))—

O@W = (eAY) = By =Dl Ay))) —

(Op = (Oy = O(e Av)))) TAUT
7. O = (eAY) = (Ov =D AY))) —

(Op — (Oy = D(p A))) MP, 4, 6
8. Oy — Oy —0O(p Av))) MP, 5, 7
9. Op— Oy —=0(@Ay)))) —

(Op AOy) = O(e A1) TAUT
10. (O AOy) —O(p Av) MP, 8, 9

The formulas on lines 6 and 9 are instances of the tautologies

p—=q) = ((g=r)=> (1))
(p—=(g—=r)—=((pAg) =)
O
Proposition prf.4. K+ -Cp — O—p
Proof.
1. O—p+ -0O-p DUAL
2. (O—p+ O--p)—
(-0-—-p— O—p) TAUT
3. —|E|—|—|p — <>—|p MP, 13 2
5. D(ﬂ—\p — p) NEC, 4
6. |:|(—\—|p — p) — (Dﬁ—\p — Dp) K
7. (O-—-p—0Op) MP, 5, 6
8. (O-—p—Op) — (-0Op — -0O--p) TAUT
9. —-Op—-O-—p MP, 7, 8
10. (ﬁDp — ﬁDﬁﬁp) —
((-O0--p— 0-p) —» (-Op — O—p)) TAUT
11 (=0-=p = ¢=p) = (=Op = O-p) MP, 9, 10
12. -Op—0—p MP, 3, 11
The formulas on lines 8 and 10 are instances of the tautologies
(p—q) = (mg— —p)
p—=a) = (g—=r)=(p—=1)).
O

Problem prf.1. Find derivations in K for the following formulas:
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1. O-p—=0(p—q)
2. (OpvOq)—0O(Va)

3. Op—=0(pVaq)
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