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com.1 The Compactness Theorem

One important consequence of the completeness theorem is the compactness
theorem. The compactness theorem states that if each finite subset of a set
of sentences is satisfiable, the entire set is satisfiable—even if the set itself is
infinite. This is far from obvious. There is nothing that seems to rule out,
at first glance at least, the possibility of there being infinite sets of sentences
which are contradictory, but the contradiction only arises, so to speak, from
the infinite number. The compactness theorem says that such a scenario can
be ruled out: there are no unsatisfiable infinite sets of sentences each finite
subset of which is satisfiable. Like the completeness theorem, it has a version
related to entailment: if an infinite set of sentences entails something, already
a finite subset does.

Definition com.1. A set I' of formulas is finitely satisfiable if and only if
every finite I'y C I is satisfiable.

Theorem com.2 (Compactness Theorem). The following hold for any sen-
tences I' and p:

1. I' E @ iff there is a finite Iy C I' such that Iy F .
2. I is satisfiable if and only if it is finitely satisfiable.

Proof. We prove (2). If I' is satisfiable, then there is a structure 9t such that
M E ¢ for all ¢ € I'. Of course, this 91 also satisfies every finite subset of I,
so I' is finitely satisfiable.

Now suppose that I" is finitely satisfiable. Then every finite subset Iy C I"is

since I is consistent, it is satisfiable. O
Problem com.1. Prove (1) of Theorem com.2.

Example com.3. In every model 91 of a theory I', each term t of course
picks out an element of |9|. Can we guarantee that it is also true that every
element of |9 is picked out by some term or other? In other words, are there
theories I' all models of which are covered? The compactness theorem shows
that this is not the case if I" has infinite models. Here’s how to see this: Let 90t
be an infinite model of I', and let ¢ be a constant symbol not in the language
of I'. Let A be the set of all sentences ¢ # t for ¢ a term in the language £
of I, i.e.,
A={c#t:teTrm(L)}.

A finite subset of I" U A can be written as I” U A/, with IV C I and A’ C A.
Since A’ is finite, it can contain only finitely many terms. Let a € |91 be
an element of |9| not picked out by any of them, and let 9 be the structure
that is just like 91, but also ™ = a. Since a # Valim(t) for all ¢t occuring in A’,
M E A’ Since M E I', I'" C I', and ¢ does not occur in I, also 9 & I".
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Together, M’ E I'" U A’ for every finite subset I U A" of I'U A. So every finite
subset of I" U A is satisfiable. By compactness, I' U A itself is satisfiable. So
there are models 9 E I'UA. Every such 90 is a model of I', but is not covered,
since Val™(¢) # Val™ (¢) for all terms ¢ of L.

Example com.4. Consider a language £ containing the predicate symbol <,
constant symbols o, 1, and function symbols 4+, x, —, +. Let I" be the set
of all sentences in this language true in Q with domain Q and the obvious
interpretations. I is the set of all sentences of £ true about the rational
numbers. Of course, in Q (and even in R), there are no numbers which are
greater than 0 but less than 1/k for all k£ € Z*. Such a number, if it existed,
would be an infinitesimal: non-zero, but infinitely small. The compactness
theorem shows that there are models of I" in which infinitesimals exist: Let A
be {0 <c}U{c< (1+k):ke€Z'} (wherek=(1+(1+---+(1+1)...)) with
k 1’s). For any finite subset Ay of A there is a K such that all the sentences
¢ < kin Ag have k < K. If we expand Q to Q' with ¢2 = 1/K we have
that Q' F I'U Ag, and so I' U A is finitely satisfiable (Exercise: prove this in
detail). By compactness, I' U A is satisfiable. Any model & of I"' U A contains
an infinitesimal, namely ¢®.

Problem com.2. In the standard model of arithmetic 91, there is no ele-
ment k € |N| which satisfies every formula 7 < x (where 7 is 0’ with n /’s).
Use the compactness theorem to show that the set of sentences in the language
of arithmetic which are true in the standard model of arithmetic 91 are also true
in a structure D’ that contains an element which does satisfy every formula
n <.

Example com.5. We know that first-order logic with identity predicate can
express that the size of the domain must have some minimal size: The sen-
tence >y, (which says “there are at least n distinct objects”) is true only in
structures where |21| has at least n objects. So if we take

A={p>,:n=1}

then any model of A must be infinite. Thus, we can guarantee that a theory
only has infinite models by adding A to it: the models of I"' U A are all and
only the infinite models of I'.

So first-order logic can express infinitude. The compactness theorem shows
that it cannot express finitude, however. For suppose some set of sentences A
were satisfied in all and only finite structures. Then AU A is finitely satisfiable.
Why? Suppose A'UA" C AU A is finite with A’ C A and A’ C A. Let n be the
largest number such that ¢>, € A’. A, being satisfied in all finite structures,
has a model 9 with finitely many but > n elements. But then M E A’ U A'.
By compactness, A U A has an infinite model, contradicting the assumption
that A is satisfied only in finite structures.
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